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Abstract: A theoretical model has been proposed to describe the dependence of the THz wave generated in a laser-induced air plasma on
the external electric field. Using this model we predict the following, (i)
previously observed results show that the THz pulse enhances linearly
with the increase of the external field; (ii) the THz pulse varies as a cosine
function with the angle between the direction of the external electric field
and the polarization of the incident exciting beam; (iii) and the amplitude
is proportional to the square of the intensity of the incident pulse in a low
energy region. These predictions are validated by our experiment.
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1. Introduction
Terahertz (THz) waves are currently of great interest due to a wide array of practical applications that has attracted a lot of attention to their generation and modulation. Despite this,
intense THz wave source technology is still far less developed than that of other frequency
waves. Strong radiation at the THz frequency range was predicted in 1990 [1] to result from
the electric fields commonly developed by free ions in plasma. This effect was subsequently
observed in an experiment by Hamster et al. [2, 3]. In Hamster’s experiment, an intense laser
was focused on high-pressure air to produce a plasma. Further investigations have shown that
a type-I beta barium borate (BBO) crystal inserted into the laser beam before its focal point
apparently enhances the intensity of the THz wave radiation produced [4, 5, 6, 7]. The BBO
crystal produces the second harmonic field when the fundamental laser beam is transmitted
through it. Based on the four-wave mixing theory, this second harmonic field will interact with
the fundamental laser field at the focal point where the ionized air forms a plasma and the THz
pulse is generated. Upon removal of the BBO crystal from the device, the THz pulse intensity
appears to become quite faint [4]. The remnant THz wave is due to the non-linearity characteristic of the waked plasma, which produces a weak second harmonic wave. In practice, however,
the BBO crystal is easily damaged and is not used in many real-world THz wave applications
(for instance the generation of THz wave in long distance and remote sensing diagnostics).
Therefore, it will be valuable to find a way to enhance or even modulate the THz wave by manipulation of a plasma system without a BBO crystal.In 2000, Loffler et al. [8] observed the
generation of THz waves in air with an external electric field. They found that the THz wave
pulse was remarkably enhanced with an increase in the external field. This remarkable experiment, however, has not yet been verified experimentally or investigated theoretically. Recently,
a PRL article [9] demonstrated experimental and theoretical researches on the terahertz generated in air plasma with electric field, since their theoretical analysis is based on the model of
air plasma, furthermore, the existing expressions [10] was utilized.
In this paper, we propose a new theory that is based on the traditional nonlinear optics theory
to treat the air plasma model. Not only the dependence of the amplitude of THz pulse on the
external electric field may be explained but also some other predictions are obtained by the
theory. And then, the above theoretical results are validated by our experiments.
This paper is arranged as follows: Section II describes the theoretical model and predictions
made by the model. Section III displays the experimental results for the validation of the theoretical predictions and further discussion. Finally, a brief summary is given in Section IV.
2. Theoretical model and predictions
When a strong laser beam with frequency ω is focused at a point in air, a plasma will be created
and excited in the ionized air at the focal point. This case is detailed in Fig.1, in which the
propagation and polarization directions of the laser beam are defined as the y and z directions,
(1)
respectively, i.e.E(1) = E0 exp(iky y − iω t)ẑ. According to the theory of non-linear optics, the
second harmonic electric current generated in the air plasma system will obey the well-known
expression [11]:
J(2) =

iρ (0) e2 1 (1)
1
ie2 (∇ρ (0) · E(1) ) (1)
E .
[ (E · ∇)E(1) + E(1) × B(1) ] + 2 2
2
2
2ω m ω
c
m ω (1 + ω p2/ω 2 )

(1)

where E(1) and B(1) denote the electric and magnetic fields of the fundamental laser beam,
ω p = (4π eρ (0)/m)1/2 is the plasma frequency of the excited air plasma system, and ρ (0) is the
non-harmonic component of the charge density of the electron system in the ionized air. For a
homogeneous plasma system, ∇ρ (0) = 0 the last term in Eq. (1) disappears and consequently
#99166 - $15.00 USD

(C) 2008 OSA

Received 22 Jul 2008; revised 24 Aug 2008; accepted 29 Aug 2008; published 2 Oct 2008

13 October 2008 / Vol. 16, No. 21 / OPTICS EXPRESS 16574

z
y

x

Fig. 1. Schematic plan of the setup used for THz generation controlled by an external
electric field.

the second harmonic current is determined by the rest of the terms in Eq. (1). It is not difficult
to see from the rest of the terms that the second harmonic current is along the y-direction,
which cannot excite the y component of the second harmonic wave, thus there is no THz wave
generated in the direction of observation. In general, a BBO crystal is inserted into the light
path to generate a strong second harmonic wave so that a strong THz wave may be observed. In
fact, when the BBO crystal is removed, a faint THz wave can still be observed. This is due to
the size effect of the plasma system. In other words, in a finite system ∇ρ (0) will not be strictly
zero.

We now assume that an electrostatic field E ex = Eex ẑ is applied to the plasma system (here

ẑ is a unit vector along an arbitrary direction). For a short time duration t, the electrons in

the plasma will be accelerated suddenly and obtain the displacement z = −eEext 2 /2m. This
leads to the breakdown of homogeneity in the plasma system. The electron density will not only


be related to the spatial position z , but also to the displacement z = −eEext 2 /2m or Eext 2 ,

i.e. ρ (0) = ρ (0) (Eext 2 , z ). In practice, the incident laser is a pulse of duration on the order of
a femtosecond (fs), and thus E ext 2 is a small quantity. The charge density may, therefore, be
expanded in a power series with second order precision:


∂ (0)


∂
(0, z )z =0 z +
ρ (0) (Eext 2 , 0)Eext 2 =0 Eext 2
ρ
∂ Eext 2
∂z
1 ∂ 2 (0)

2
∂2
1
(0, z )z =0 z +
ρ (0) (Eext 2 , 0)Eext 2 =0 (Eext 2 )2
2 ρ
2 ∂z
2 ∂ (Eext 2 )2
∂2


1
(0)
+
(Eext 2 , z )Eext 2 =0,z =0 (Eext 2 )z .
 ×ρ
2
2 ∂ (Eext )∂ z

ρ (0) (Eext 2 , z ) = ρ (0) (0, 0) +

(2)

The second and fourth terms are zero since the charge density is homogeneous in the absence of
an external field applied to the plasma system. The first, third, and fifth terms are not a function
of spatial variables, so they cannot offer contributions to the gradient of the charge density.
Then the leading term is the last term in Eq. (2):


∇ρ (0) = ẑ aEex .
Here:
a=

1
∂2

ρ (0) (Eext 2 , z )|Eext 2 =0,z =0t 2 .

2
2 ∂ z ∂ Eext

(3)

(4)

Inserting Eq. (3) into Eq. (1) and canceling the former terms in Eq. (1), which do not contribute
to THz waves in the direction of observation, the second harmonic current is thus:
J(2) = b cos θ Eex exp(2iky y − 2iω t)ẑ.
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where:

ie2 a
E (1)2 .
m2 ω 2 (1 + ω p2/ω 2 )

b=

(6)



θ = arccos(ẑ · ẑ ) is the angle formed by both the external field and the fundamental electric
field, and E (1) = |E(1) |. According to the non-linear theory, the second harmonic current can
be regarded as a new driving current to produce the second harmonic electric field. For this
purpose, the magnetic vector potential A (2) (r,t) and scalar potential ϕ (2) (r,t) are employed.
Considering the current continuity equation (for second harmonic charge density and current)
∂ (2)
= ∇ · J(2) , the second harmonic scalar potential has the form:
∂t ρ
ϕ (2) (r,t) =

  t
∇ · J(2) (r ,t  )

|r − r |

v 0

dt  dr .

(7)

It is easy to obtain the result from Eq. (5). Inserting this result into Eq. (7) we get ϕ (2) = 0 .
from Eq. (5). The second harmonic magnetic vector potential is expressed as:
A(2) (r,t) =

1
c







J(2) (r ,t− | r − r | /c) 
dr .

| r−r |

(8)

Inserting Eq. (5) into Eq. (8), we obtain the expression:
A(2) (r,t) =
I(r) =



bEex cos θ
I(r) exp(−i2ω )ẑ.
c


(9)



exp[i2ky (y + | r − r |)] 
dr .

| r−r |

(10)

Therefore:
bEex cos θ
1 ∂ (2)
A = i2ω
I(r) exp(−i2ω )ẑ.
(11)
c ∂t
c2
Equation (11) is the expression of the electric field of the second harmonic wave generated in
the air plasma system, which will take part in the four-wave mixing process to generate the THz
wave. According to the Four-wave mixing theory, the THz wave amplitude is related to the first
and second harmonic fields as follows [4,5,7]
E(2) (r,t) = −∇ϕ (2) −

ET Hz ∝ E (1)2 E (2) .

(12)

where E (2) = |E(2) |. From Eqs. (6) and (11) and we see that E (2) is proportional to
E (1)2 Eex cos θ . Substituting this relation into Eq. (12), we obtain the simple relation:
ET Hz ∝ E (1)4 Eex cos θ .

(13)

Equation (13) reveals three characteristics: (i) The THz amplitude enhances linearly with an
increase in the applied external electric field. This result has previously been observed experimentally [8]; (ii) The THz amplitude is proportional to the cosine of the angle between the
wave vectors of the external field and the fundamental beam field; (iii) The THz amplitude is
proportional to the biquadratic of the amplitude of the fundamental wave. The first of these
characteristics is our main expected result, it predicts a new way to enhance the THz pulse or
tune the THz amplitude. The second result also provides a simple method to control the THz
amplitude by rotating the direction of the external field. The third one can also be written in
terms of the incident energy I ω as:
ET Hz ∝ Iω2 .
(14)
In fact, this result was found earlier by Cook et al. in various experiments [4] and discussed in
other literature [5, 6] In this paper, we obtained this result from our theoretical model.
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Fig. 2. The THz pulses generated in air plasma (a) and fourier transformed spectrums (b).
The solid curve corresponds to a case without an external field and the dashed curve to the
case of external field Eex = 1.2kV /cm with θ = 0◦ .

3. Experimental results and discussion
Now we turn to the experimental validation of our theoretical predictions. The setup is expressed schematically in Fig. (1). The incident beam with a central wavelength of 800nm and a
pulse duration of 50 f s is focused in air by a convex lens with a focal length of 150mm. The THz
wave is detected by means of electro-optic sampling. In the focal region, where the peak intensity is 1.6 × 1015W /cm2 at the pump energy of 0.25mJ, there are two parallel plates separated
from each other by a distance of D = 0.5cm. Electrodes applied to the plates can be supplied
with a voltage varying from U = 0 to 6000V . The external field may be written as E ex = U/D,
which extends from toE ex = 0 to 1.2kV /cm. The pair of parallel plates may be turned around
the principal optical axis of the convex lens so that the angle, θ , between the direction of the
external field and that of the electric field of the fundamental beam, may be changed.
In the experiment, the observed THz pulses generated in air plasma and their Fouriertransformed spectrums are given in Fig. (2). A faint background THz pulse is observed even
without an external electric field as shown by the solid curve. The signal-to-noise ratio (SNR)
is approximately 13. By applying an electric field along the direction of the electric field of
incident beam (θ = 0 o ) a much stronger THz pulse is measured and displayed by the dashed
curve in Fig. (2). The peak value increases by about 32 times and the SNR increases about 13
times (from 13 to 175). We may conclude that the external field can enhance not only the peak
of the THz pulse, but also the SNR.
By holding the angle θ = 0 o constant and varying the value of the external field, different
THz amplitudes are observed and displayed as the bars in Fig. (3). Each bar corresponds to the
ten observed values and its thickness represents a difference of ten values. For example, the
thickest bar, located at E ex = 1.0kV /cm, which includes ten values that range from 30.50 to
31.23a.u., has a difference of ΔA = 31.23 − 30.50 = 0.73(a.u.). so the measurement error is
quite small. The straight line in Fig. (3) is linearly fitted using all of the amplitude values. We
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Fig. 3. Observed THz amplitudes (circles) generated in air plasma corresponding to different external fields Eex when θ = 0◦ . The straight line is a curve of best fit for the amplitudes.

Fig. 4. Observed THz amplitudes corresponding to different rotation angles. The solid
curve is a cosine form fitted to the observed amplitudes.

can see that all of the bars are close to the straight line so we conclude that the THz amplitude
increases linearly with an increase of the external field. This result satisfies our prediction. The
linear dependence was also described in the reference [9], nevertheless, we investigated the
various rotation angles θ significantly.
The THz amplitudes measured at various rotation angles θ are displayed in Fig. (4). The circles express the experimental values, and the solid curve is a cosine fit curve. Figure (4) shows
a clear relationship between the experimental results and the cosine curve. In other words, our
second theoretical result is realized in this experiment. We also measured the THz amplitudes
in the angle range from 90 o to 180o, which also fit the cosine curve well. Lastly, we tested
the relationship described by E T Hz ∝ Iω2 , where Iω is the laser pulse energy in the fundamental
beam. The measured results are expressed with circles in Fig. (5). The solid curve is a quadratic
curve fitted to the values in the low energy region, and the dashed straight line is the linear
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Fig. 5. Observed THz amplitudes corresponding to different laser pulse energies. The solid
quadratic curve is fitted to the amplitudes in the low energy region.

curve fitted to the values in the high energy region. Fig.5 indicates that, in the low energy region, the relationship E T Hz ∝ Iω2 holds but that, in the high energy region, the THz amplitude
falls below the quadratic fit curve. This phenomena has already been observed by Kress et al.
and reported in Ref. 5, where it is described as a defocusing of the incident beam by plasma
when the incident beam strikes with high energy [12]. The BBO crystal is used in Kress’s experiment, but without an external field. Now we try to provide a perfect qualitative explanation
of why the THz amplitude falls below the quadratic curve in the high incident energy region
in experiment. According to the theory of non-linear optics, the charge density of the ionized
air may be expressed as ρ = ρ (0) + ρ (1) + ρ (2) · · · where ρ (1) denotes the harmonic component
of the charge density. As ρ (1) oscillates with the same frequency as that of the incident beam,
it is directly driven by E (1) . Consequently the assumption that ρ (1) increases with the increase
of the incident energy should be a reasonable one. When the incident energy is lower, the air
plasma system is in an unsaturated state in which part of the air is unionized, so the variation of
ρ (1) with E (1) will change the total charge density ρ , but it cannot influence ρ (0) observably. In
this case, Eq. (14) is validated. When the incident energy is so strong that the air plasma system
goes over the saturated state, all air molecules are ionized and the total charge density ρ should
reach its peak value and become a spatial constant. In this case an increase in ρ (1) must lead
to a decrease in ρ (0) . As an increase of ρ (1) is caused by an increase enhancement of incident
energy, it is reasonable to assume that ρ (0) is inversely proportional to the incident energy, i.e.

ρ (0) ∝ 1/Iω . Thus Eq. (3) should be written as ∇ρ (0) = ẑ aEex /Iω . Inserting this relationship
into Eq. (1) and then following all the above deductions, we find that Eq. (14) becomes:
ET Hz ∝ Iω .

(15)

Equation (15) just corresponds to the dashed line in Fig. (5). This explanation supports the idea
that the intersection of the solid line and the dashed line (marked with C in Fig. (5)) is the
critical point that divides the air plasma system into unsaturated and saturated states.
4. Conclusion
Based on the non-linear theory of plasma and four-wave mixing theory, we proposed a theoretical model to describe the THz pulse generated in air by applying an external electric field. Our
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theoretical deduction predicts that the THz amplitude increases linearly with the value of the
external field (previously observed in the experiment), varies as a cosine function with the rotation angle, and is proportional to the square of the incident pulse intensity. These predictions
have been validated by our experiment.
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