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Abstract:
We demonstrate that the group velocity dispersion (GVD)
of the supermodes in a small array of silicon photonic wires can differ
dramatically from the single wire GVD. This enables soliton propagation
and modulational instability to be seen at wavelengths where single wires
have strongly normal GVD.
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Dispersion control is one of central issues in the design of nonlinear optical waveguides.
Important phenomena such as supercontinuum generation and parametric frequency conversion
in optical fibers depend greatly on the engineering of the dispersion relation. High index optical
materials can confine light to scales similar to or less than the wavelength, which can alter
both the magnitude and the sign of the group-velocity dispersion. Silicon has recently received
a great deal of attention as the material of choice for building practical optical information
processing devices [1, 2]. In particular, nano-sized silicon-on-insulator (SOI) photonic wires
have been considered as building blocks in nonlinear modulation devices [3], on-chip frequency
converters [4], and other applications [5, 6]. The large Kerr nonlinearity of silicon [7] combined
with the strong anomalous dispersion that can be achieved in photonic wires [8, 9] has enabled
the observation at low power of self-phase modulation [10, 11], modulational instability [4] and
quasi-solitons [11, 12] over microchip lengthscales.
The engineering of GVD in isolated silicon photonic wires by changing their height, width
and cladding has received recent attention [8, 13]. Here we study a different approach to GVD
control. We consider the evanescent field coupling between several silicon wires in the regime
where the wire width and spacing width are both much less than the free space wavelength
(1.5µ m). In this regime, the coupling between the wires becomes strongly dispersive, but remains evanescent. The array of N wires naturally supports N different modes (or supermodes).
As a result of the coupling dispersion, the GVD of the supermodes deviate significantly from
the single wire GVD. This, for example, leads to the situation where the GVD in a single wire
is large and normal, whilst a directional coupler of 2 wires (or an array of N > 2 wires) support
supermodes with large (∼ 103 ps/nm/km) anomalous GVD. These values allow for the observation of femtosecond solitons and modulational instability, which would not be expected for
a single wire. The selection of a particular supermode in the array structures can be achieved
by an excitation at an appropriate angle, which is a well known method used for control of the
’discrete’ diffraction [14, 15]. The interplay of diffraction and dispersion in nonlinear waveguide arrays has been studied previously, see e.g. [15, 16, 17, 18] and references therein, but
the distinct feature of our study is the important role played by the dispersion of the discrete
diffraction coefficient.
The structures we are considering here are 220nm high and 330nm wide rectangular wires
sitting atop a silica slab, with a 100nm etching mask (of refractive index 1.35) above, and otherwise surrounded by air. The wire-to-wire separation of 330nm gives strongly dispersive coupling in the proximity of λ0 =1.5µ m. The corresponding field profiles of the in-phase and antiphase TE modes of a directional coupler consisting of two such wires were calculated by solving Maxwell equations, as is shown in Fig. 1(a). Despite the relatively small separation, the two
modes still can be well approximated as the in-phase and anti-phase superpositions of the modes
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Fig. 1. (a) Supermodes of the directional coupler, shown as transmitted power as function of
transverse distance. The red (blue) line shows the symmetric (antisymmetric) supermode.
The wire dimensions are shown overlaid. The dots show linear superpositions of the singlewire modes, confirming the validity of our use of this approximation. (b) Coupling length
Lc as a function of λ for the structures shown in (a).

of a single wire, see Fig. 1(a). The dispersions of the two modes are given by the frequency
dependencies of their propagation constants βs and βa , respectively. These dependencies were
1
m
calculated numerically and fitted with 11th order polynomials β× (ω ) = ∑11
m=0 m! β×m ω (where
β× may represent βs or βa ), and ω = Ω − Ω0 is the detuning of the frequency Ω from the pump
at Ω0 = 2π c/λ0. The propagation constant of a single uncoupled wire is very well approxi1
1
m
mated by β (ω ) = ∑11
m=0 m! βm ω , where βm = 2 (βsm + βam ). The coupling coefficient between
1
11
the wires is defined as K(ω ) = ∑m=0 m! κm ω m , where κm = 12 (βsm − βam ) [18]. Figure 1(b)
shows the wavelength (λ ) dependence of the coupling length Lc = π /K. One can see that for
the chosen geometry the coupling is very strong and energy is transferred from one waveguide
to another after only a few tens of microns.
A particularly important parameter for our purposes is the dispersion parameter of the coupling, which is defined as − ω 2 /2π c ∂ω2 K. Comparing the coupling induced dispersion (the

full line in Fig. 2(a)) with the dispersion in a single wire (− ω 2 /2π c ∂ω2 β , the full line in
Fig. 2(b)), one can see that the former can be comparable in absolute value to the latter over


Fig. 2. (a) The full line shows the coupling dispersion (− ω 2 /2π c ∂ω2 K for 220nm ×
330nm wires with a 330nm gap. The dashed line shows the same, but for 220nm × 420nm
wires with a 700nm gap. (b) The full line is the dispersion (− ω 2 /2π c ∂ω2 D) of an isolated
220 × 330nm wire. The dashed lines are the dispersions of the in-phase (below the full
line) and anti-phase (above the full line) modes of the coupler. The dotted lines are the
dispersions of supermodes in the 6-wire array. The shaded area spans the region between
the dispersions of the in-phase and out-of-phase modes of an infinite array. The wire size
for (b) is 230 × 330nm. (c) The linear supermodes for a six wire array. The index j in (b)
and (c) corresponds to that in Eq. 2
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the wavelength range of interest. By way of comparison, the dashed line in Fig. 2(a) shows the
coupling dispersion for 220nm × 420nm wires separated by 700nm, as were studied in [18],
revealing a significant drop in the values of the coupling dispersion for a relatively small change
in geometry.
We modelled the arrays of silicon photonic wires using a set of dimensionless coupled nonlinear Schrödinger equations

∂z En − iD̂(i∂t )En = iĈ(i∂t ) (En−1 + En+1) + i(1 + iεtpa )|En |2 En − (ε + ε f c Qn )En ,

(1)

where n = 1, 2, . . . N. Here En is the amplitude of the electric field in the nth wire of an N-wire
array. Time is given by t (in units of T0 = 56.7fs, such that sech2 (t) gives a 100fs FWHM
pulse), whilst distance along the wires is given by z (in units of the dispersion length (at 100fs)
LD ≡ T02 /|β2 | = 1.93mm). The dispersion operator for a single wire is defined as D̂(i∂t ) =
m
m
∑11
m=2 dm (i∂t ) where dm ≡ βm LD /m!T0 . Coupling and its dispersion are represented by the
11
m
operator Ĉ(i∂t ) = ∑m=0 cm (i∂t ) where cm ≡ κm LD /m!T0m . The absorption length is given by
1/ε ≃ 40mm. Power is scaled such that P0 |En |2 gives the physical power in the nth wire, where
P0 = (LD γ )−1 . Assuming γ ≃ 500 m−1 /W−1 , gives P0 ≃ 1W. The ratio of the TPA coefficient
to the Kerr nonlinearity was assumed to be εtpa = 0.1 [11]. The free carrier density in the nth
waveguide is given by Qn , which is measured in units of T0 εt pa /L2D γ h̄ω Se f f , and obeys ∂t Qn =
|E|4 − Qn /τc . The carrier lifetime τc (which is typically of the order 10ns) was assumed to much
longer than the pulse length (which for our purposes never exceeds 10ps), but much shorter than
the repetition length (such that decay is negligable between pulses, but total between them). The
carrier cross section is represented as ε f cc = εt pa T0 σ f cc /2h̄ω Se f f γ LD , where σ f cc = 1.45 ×
10−21 (1 + 7.5i) m2 is the complex absorption and scattering cross section in physical units,
Se f f is the effective waveguide area, and h̄ω is the photon energy. This quantity is vulnerable to
the uncertainties in Se f f and γ . Assuming that Se f f is half the physical area of the waveguide,
gives an estimate of ε f cc ≃ 10−3 (1 + 7.5i).
For femtosecond pulses, the effects of free carriers on a single pulse excitation are negligible
and Qn can be safely assumed zero. However, for the 10ps pulses we use to observe modulational instability, a full account for the free carrier dynamics is essential.
In order to gain an analytical insight into modulational instability and soliton propagation, we
neglect linear loss, TPA and free carrier terms. Working in the supermode basis formally eliminates the linear coupling terms from the equations, making the calculations more transparent.
T
~
Introducing
the vector E = (E1 , . . . EN ) , we find that the linear part of Eqs. (1) is represented

as ∂z − iD̂ ~E = iX̂ Ĉ~E, where X̂ is the N × N matrix with elements Xn, j = δn, j−1 + δn, j+1 ,
wherepδ is the Kroneker symbol and j = 1, . . . N. We expand ~E into this supermode basis as
~E = 2 (N + 1)/3 ∑Nj=1 Ẽ j~x j , where ~x j are the normalized eigenvectors of X̂, which are the
supermodes. The supermode amplitudes Ẽ j obey

∂z Ẽ j − iD̂ j (i∂t )Ẽ j = iΓN j |Ẽ j |2 Ẽ j + fN j Ẽ1 , Ẽ2 , · · · , ẼN ,
(2)

where fN j is the nonlinear mixing term, which becomes zero if only one mode is excited. The
coefficient ΓN j is equal to 1, except when j = (N + 1)/2, in which case it is equal to 43 . These
exceptional cases (which only occur for odd N) correspond to quasi-uncoupled supermodes, in
which the wires alternate between having zero and non-zero amplitude or (in the degenerate
case where N = 1) to an isolated wire. These modes provide no modification to the GVD, and
so will not be considered further.
A set of eigenvectors~x j for the N = 6 array is plotted in Fig. 2(c). Under the assumption that
Ẽ j ∼ e−iω t , the supermode dispersion operators D̂ j (i∂t ) can be reconstructed (ω → i∂t ) from


πj
D j (ω ) = D(ω ) + χ jC(ω ), χ j ≡ 2 cos
.
(3)
N +1
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Fig. 3. (a) Predicted wavelengths of MI sidebands versus pump wavelength. Anomalous
GVD of a single wire is in the region between the vertical dashed-grey lines. The dashed
loops correspond to uncoupled wires, showing that no MI occurs at the 1.5µ m pump. The
solid loops correspond to antisymmetric supermode, showing that MI does occur. (b) Spectral output after a distance of 1.93mm, of a rectangular pulse with power 10P0 and duration
10ps. The overlaid prediction for gain (dotted grey line) is for 5P0 , to allow for the effect of
damping. (c) As for (b), but with free-carrier effects included. The predicted gain overlay
is for 3.5P0 .

If the dispersion of the coupling is negligible (i.e. ∂ω C ≈ 0), then the supermodes have different
phase velocities, but the same group velocity. If ∂ω C is significantly different from zero (but
|∂ω2 C| ≪ |∂ω2 D|), then the group velocities of the supermodes (∂ω D j ) are significantly different.
This case has been studied experimentally and theoretically using fiber couplers (e.g. [19]). In
the silicon arrays considered here ∂ω2 C and ∂ω2 D are comparable, see Figs. 2(a),(b). Therefore
the GVDs (∂ω2 D j ) of the different supermodes are very different one from another.
The wavelength dependence of the supermode GVDs in a directional coupler (N = 2) and
in an array (N = 6) are shown in Fig. 2(b) with dashed and dotted lines, respectively. If a
single wire has a large normal GVD at 1.5µ m, then the mode corresponding to the anti-phase
excitation of the two wires in the directional coupler has a strong anomalous GVD. In the N = 6
case, three supermodes have their GVD values pushed up into the large anomalous range, whilst
the other three are pushed further into the normal. The solid color in Fig. 2(b) fills the region
between the in-phase and out-of-phase modes of the N = ∞ array. It can be seen from Eq. 3, that
the anti-phase mode always gains the largest shift towards anomalous values of GVD, whilst
the in-phase mode gains the largest shift towards normal values of GVD.
The changes in the GVDs of the supermodes are reflected in the nonlinear properties of the
array system. First we consider modulational instability (MI), the process which is relevant
if one uses continuous-wave or relatively long pump-pulse duration. We focus on the MI of
the anti-phase mode Ẽ2 of the N = 2 array. The growth rate κ2 (MI gain) of the perturbations
confined within the Ẽ2 field and having the frequency detuning ω from the pump at Ω0 is
calculated from 2κ2 = Im[G2 (G2 + 4|A|2 )]1/2 , where G2 ≡ D2 (ω ) + D2 (−ω ) and |A| is the
initial amplitude of the anti-phase mode. Figure 3(a) shows the positions of the maxima of the
MI gain vs the pump frequency. One can see that using an antisymmetric mode of a coupler
significantly extends the range of the MI gain on the long wavelength side, relative to the MI
in a single wire (see the dashed lines). κ2 as a function of ω is shown in Figs. 3(b) and 3(c).
One can see a broad MI band in the proximity of the pump, which is due to the GVD being
anomalous, and the narrow MI bands far detuned from the pump existing due to 4th order
dispersion [20, 21]. Numerical modelling of Eq. (1) fully confirms predictions of our analytical
results, and shows that the free carrier effects hamper, but do not preclude observation of all
MI bands. Note that techniques which sweep free carriers away from the waveguide are known,
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Fig. 4. a) Evolution of a pulse with peak power 15P0 fired into the 1st wire of a 2 wire
system. The pulses in the symmetric and antisymmetric modes separate to to group-velocity
mismatch, with the latter becoming a soliton. b) Evolution of a pulse with peak power
150P0 fired into the 3rd wire of a 6 wire system. Six supermodal pulses are formed (with
index
j corresponding to that in Eq. 2 and figure 2(c)) The amplitude plotted is derived as
p
∑n |En |2 .)

allowing a clearer MI picture to be seen.
If an array is pumped with femtosecond pulses, then soliton effects become important. To
check for soliton propagation we integrated Eqs. (1) numerically (including linear loss, TPA
and all dispersion orders). The result of sending a 100fs pulse into a single wire of the N = 2
array is shown in Fig. 4(a). The initial pulse splits into a pair of pulses propagating with different velocities (matching the group velocities of the two supermodes). The pulse corresponding
to the in-phase supermode disperses much more rapidly then the one corresponding to the antiphase supermode. This is because the latter experiences anomalous GVD, which is compensated for by the nonlinearity. The net result is the formation of the quasi-solitonic pulse losing
its energy due to linear and nonlinear losses. Similar simulation for the N = 6 case, (see Fig.
4(b)), shows that the modes 4, 5 and 6 having anomalous GVD spread at a reduced pace relative
to the normally dispersive modes 1, 2 and 3. This again confirms quasi-solitonic propagation
regimes of the modes with anomalous GVD.
Neglecting all the terms involving ∂tm with m > 2 and assuming that the time domain overlap of the pulses corresponding to the different supermodes is negligible we find analytical
expressions for the supermodal solitons:
s
!
s
c
)
c
2
(q
−
χ
q
−
χ
j
j
0
0
(4)
Ẽ j = eiqz
sech
(t − zχ j c1 ) .
ΓN j
− (d2 + χ j c2 )
The necessary condition for the soliton existence is no longer d2 < 0, but d2 + χ j c2 < 0, thus
allowing for solitons when a single wire has normal GVD (d2 > 0). It is known that supermodal
solitons in a two-wire system can exhibit bifurcation phenomena at high values of q, due to the
influence of asymmetric nonlinear modes [22]. Spectral analysis of linear perturbations around
the antisymmetric soliton solution carried out in the N = 2 array has not revealed instabilities
in the broad domain of wavelengths and powers.
In summary, using the example of nano-sized silicon photonic wires we have shown that the
GVD in waveguide arrays can vary dramatically between the supermodes, and this can be used
to achieve a large anomalous GVD in a system of normally dispersive waveguides. Thus soliton
propagation and frequency conversion by means of modulational instability become possible
and can be initiated or suppressed by selective excitation of the desired supermodes.
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