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Abstract: Coherent diffractive imaging is a method by which iterative
methods are employed to recover image information about a finite object
from its coherent diffraction pattern. We employ methods borrowed from
density functional theory to show that an image can be recovered in a single
non-iterative step for a finite sample subject to phase-curved illumination.
The result also yields a new approach to quantitative x-ray phase-contrast
imaging.
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Coherent diffractive imaging is a method that has attracted considerable recent attention. It
combines a far-field measurement of diffracted data with some a priori knowledge of the object, such as its support, to achieve a reconstruction of the complex scattered wave [1]. Iterative
procedures of the type proposed by Fienup [2], Elser [3] and others [4] have been used successfully to obtain images of a number of objects from experimental diffraction data, including
biological cells [5] and individual nanocrystals [6]. The method has also been used to image
the strain fields within a single crystal [7]. In the longer term, coherent diffractive imaging has
been identified as an attractive approach to the imaging of single molecules using X-ray free
electron lasers [8], and its feasibility has recently been demonstrated using an ultra-violet free
electron laser system [9].
The method of X-ray phase-contrast imaging has been emerging as a parallel development,
and has found applications in other areas of X-ray imaging. First reported as an incidental
observation from third-generation synchrotron sources [10], it has now been extensively applied
to a range of problems, often in the context of the imaging of soft-tissues [11] and medical
imaging [12]. Importantly, methods have been developed that allow the phase contrast images
to be made quantitative using iterative [13] and non-iterative [14] schemes. In all cases, these
methods have been based on an understanding of how the wavefield propagates. Indeed, phasecontrast has its origin in the local curvature in the wavefield leading to focusing and defocusing
of the light producing observable intensity contrast [15]. The critical role of phase curvature in
enabling direct access to phase information has led to the demonstration of a form of coherent
diffraction imaging that uses a curved incident wavefield [16].
This article draws together the two areas of X-ray coherent diffractive imaging and X-ray
phase-contrast imaging. We explore the theory of X-ray diffraction when an object is illuminated by a spherically expanding beam, providing a connection between the transport of intensity approach to phase contrast imaging and the recovery of image information from coherent
diffraction data. Crystallography, coherent diffractive imaging and quantitative phase imaging
all share the aim of recovering phase information from intensity data. Crystallography builds
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on the periodicity inherent to a crystal and assumes that the data is obtained in the far-zone of
the field. Coherent diffractive imaging removes the assumption of periodicity, replacing it with
the assumption of finite support. Fresnel coherent diffractive imaging adds the requirement for
a phase-curved incident field. Quantitative phase-imaging also uses the Fresnel formalism but
removes the assumption of finite support and the far-zone and, in general, adds the need for two
measurement planes. It also can recover the image information deterministically.
The complex amplitude of a propagating wave is specified by its phase and amplitude distributions. That is, each point in the wavefield is specified by two real numbers. In general, we
need at least 2N real numbers to recover a wavefield at N points. For example, two intensity
measurements are required to constrain properly an algorithm that seeks to recover the complex
amplitude; this is the observation that underpins the “oversampling” argument [17, 18] used in
coherent diffractive imaging. An analysis of quantitative phase imaging [19] has sought to classify these techniques on the basis by which adequate information is acquired through a priori
information about the sample size and shape (its support), its optical properties or by acquiring
two or more sets of intensity data. The central idea of the present paper is the suggestion that
a fourth approach, based on ideas borrowed from density functional theory, may be used, in
which we use a priori information about the illumination to enable us to assume a functional
form for the propagation of the scattered wave.
Consider quantitative phase imaging using the transport of intensity equation [20, 21]. This
approach uses the condition of energy conservation to relate the intensity and phase distributions in a given plane at z, I(r, z) and Φ(r, z) respectively, to the longitudinal intensity derivative
in that plane:
2π ∂ I(r, z)
(1)
∇⊥ ·I(r, z)∇⊥ Φ(r, z) = −
λ
∂z
where λ is the wavelength and ∇ ⊥ denotes the transverse gradient operator. Apart from crystallography, all of the methods touched on in the previous paragraph adopt the paraxial approximation, an approximation also made here. In practice, an approximation to the derivative on the
right hand side of Eq. (1) is formed from intensity measurements made at two closely spaced
planes. Provided the intensity is strictly positive over a simply connected region, the phase distribution may be uniquely recovered to within a physically meaningless additive constant [23].
For the far-zone application of this approach to succeed, a curved incident beam is needed to
form a Fresnel diffraction pattern. In this far-zone Fresnel diffractive imaging configuration, a
derivative with respect to the curvature of the illumination replaces the derivative with respect
to propagation [22]. In practice, however, a derivative with respect to changes in the incident
wavefield curvature is much harder to acquire and is probably impractical.
In this article we use the structure of the physics of diffraction and the familiar coherent
diffractive imaging assumption of finite support to demonstrate that the derivative on the right
hand side of Eq (1) may be very well-approximated from a single plane of diffraction data,
a conclusion we support via a simple numerical demonstration. This result has two important
implications that we explore. First, it opens the way to a non-iterative solution of the coherent
diffractive imaging problem, obviating much of the work on the development of complex iterative image recovery algorithms. Secondly it suggests a new approach to quantitative phase
imaging that removes the need for two planes of intensity data.
Consider the experimental arrangement sketching in Fig. 1 which is the configuration for
Fresnel coherent diffractive imaging. In the paraxial Fresnel diffraction formalism, information
about the field in a plane at z 1 is communicated to a plane at z 2 via the expression


 2  
 2


i exp 2πλiZ
iπ r2
iπ r1
2π ir1·r2
exp
ψ (r2 , z2 ) = −
ψ (r1 , z1 ) exp
exp −
dr1 (2)
λZ
λZ
λZ
λZ
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Fig. 1. Schematic representation of the imaging configuration. An X-ray source produces
a wavefront that has significant spherical phase curvature in the plane of the diffracting
object. The diffracted and undiffracted waves propagate paraxially to a distant plane where
they are detected.

where Z = z2 − z1 . We assume that the scattered field at z 1 has finite support and that the detector
plane is at z2 . Our aim is to construct a method by which the intensity data at z 2 can be used to
construct an expression for the longitudinal intensity derivative in that plane, thereby allowing
a non-iterative phase recovery using Eq. (1).
A useful connection between Eq. (1) and Eq. (2) may be established by defining the function
 



iπ w2
2π ir1 ·w
∗
dr1 ,
g(w) = exp
ψ (r1 + w, z1 )ψ (r1 , z1 ) exp
(3)
λZ
λZ
S(w)
in which form g(w) may be regarded both as the autocorrelation of ψ (r 1 , z1 ) exp(iπ r12 /λ Z)
and the inverse Fourier transform of I(r 2 , z2 ). The region of integration, S(w), is specified
completely by the support of ψ (r 1 , z1 ). We may complete the formal correspondence between
Eq. (1) and Eq. (2) if we note that



2π iw·r2
∂ I(r2 , z2 )
∂ g(w)
1
=
exp −
(4)
dw − r2 ·∇⊥ I(r2 , z).
∂z
λZ
Z
S(w) ∂ Z
The dilation factor −(1/Z)r 2 ·∇⊥ I(r2 , z2 ), which is readily constructed from I(r 2 , z2 ), isolates
the trivial, spherically-expanding component of I(r 2 , z2 ), and the partial derivative of g(w) is
taken with respect to Z because the source plane at z 1 is regarded as fixed. Since ψ (r 1 , z1 ) and
S(w) are independent of Z, then an application of Leibnitz’ Theorem [25, Eq. 3.3.7] yields


 

iπ w2
2π ir1 ·w
iπ w2
∂ g(w)
2π i
∗
=−
g(w)−
exp
w·r
ψ
(r
+w,
z
)
ψ
(r
,
z
)
exp
dr1 .
1
1
1
1 1
∂Z
λ Z2
λ Z2
λZ
λZ
S(w)
(5)
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This is readily transformed into a form more accessible to physical interpretation by a further
application of Leibnitz’ Theorem

∂ g(w)
∂Z

=

1
iπ w2
− w·∇⊥ g(w) +
g(w)
Z
λ Z2





iπ w2
2π ir1 ·w
2π i
ψ ∗ (r1 , z1 ) exp
− 2 exp
w·∇⊥ ψ (r1 + w, z1 )dr1
λZ
λZ
λZ
S(w)
+T [S(w), ψ (r1 , z1 ), w, Z].
(6)

This expression introduces a boundary term, T [S(w), ψ (r 1 , z1 ), w, Z], whose form is generally
too complicated to be written explicitly, but which is defined precisely by Leibnitz’ Theorem
through the gradient of the boundary that encloses S(w), and the value of the integrand of
g(w) on the interior of that boundary. The first two terms in Eq. (6) are readily obtained by
direct manipulation of I(r 2 , z2 ). The third term is sensitive to the gradient of the wavefield and
vanishes identically if, for example, the wavefield is detected at a propagation distance Z from
a uniformly illuminated aperture of any exterior shape. Similarly, this term vanishes identically
in far-field Fresnel diffraction if such an aperture is illuminated by light possessing constant
amplitude and a radius of spherical illumination of Z. The fourth term, T [S(w), ψ (r 1 , z1 ), w, Z],
depends on the exterior shape of S(w), and on the value of ψ (r 1 , z1 ) along the edges of S(w).
This term vanishes identically if ψ (r 1 , z1 ) also vanishes everywhere along the boundaries that
define its support, a situation that is readily realized in practice. In general, the third term
determines the analytic variation of ψ (r 1 , z1 ) within the interior of the object support, while
the fourth term fixes ψ (r 1 , z1 ) on the edges of the support.
Consider an experimental situation in which we know that the boundary term
T [S(w), ψ (r1 , z1 ), w, Z] in Eq. (6) is negligible, which will be realised if the edges of the object
fall smoothly to zero without jump discontinuities. The resulting coherent diffractive imaging
problem is then posed as the solution of an integral equation. The left-hand side and the first
two terms on the right hand side are known from the experimental data, since g(w) can be recovered from the measured data by a Fourier transformation. The third term on the right hand
side, however, contains the wavefunction to be determined. To deal with this issue we take a
perturbative approach and write

ψ (r, z) = ψ0 (r, z) + εψS (r, z),

(7)

in which ε is a parameter that we may adjust to change the strength of the perturbation relative
to ψ0 (r, z). It is not a parameter that plays any part in the solution algorithm, and is introduced
here only to explore the limits of validity of the scheme as a function of the strength of the perturbation. In all cases of practical interest, the scattered wave, ψ S (r, z), is very weak compared
to the incident wave, ψ 0 (r, z), and so it is safe to assume that ε |ψ S (r, z)|  |ψ0 (r, z)| for |ε | ≤ 1.
We also assume that the field incident on the scattering object has been fully characterized by
some independent means, such as those described in [26].
In order to circumvent the need to know the wavefield in the construction of the third term in
Eq. (6), we now draw on an analogy with the first Hohenberg-Kohn theorem of density functional theory [27]. This theorem states that electron density uniquely specifies the ground state
of an electronic system, including its quantum mechanical wavefunction and all its derived
properties. In imaging applications, we routinely assume the existence of a unique mapping between a properly sampled optical intensity and all of the properties of the system, but we do so
by explicit intermediate construction of a complex wavefield through the resolution of its phase
distribution. In order to adopt a strategy in imaging applications that is more closely analogous
to that taken in density functional approaches, we need to establish the functional dependence
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Fig. 2. (a) Diffracting object used in the numerical work. The object is purely real and
transmits 10% of the incident intensity. (b) The amplitude of the wavefield leaving the
object. The illuminating field is Gaussian in amplitude and has a Fresnel number of 6 over
the horizontal dimension of the object.

of ∂ I/∂ z on I in the plane of the detector, which is sufficient information from which to derive
all optical properties of the system through Eq. (1). Since we assume that ε |ψ S (r, z)|  ψ0 (r, z),
we adopt a strategy employed in density functional theory and assume that the functional dependence of ∂ I/∂ z on I for the illuminating field, ψ 0 (r, z), remains valid for the perturbed field,
ψ (r, z). This approach is analogous to the use of the free-electron gas model in the specification
of an effective zero-order model for the electrostatic exchange potential in density functional
theory, which depends only on the electron density.
To illustrate this approach, we consider an object illuminated with an axially aligned
Gaussian beam, ψ0 (r, z1 ) = exp(−μ r 2 ), where the real part of μ is positive. In this case, it
is straightforward to obtain the explicit functional relationship for the illuminating beam



2π iw·r
∂ I0
μ
=−
w2 g0 (w) exp
dw
(8)
∂z
Z
λZ
where g0 (w) is the Fourier transform of I 0 . This establishes the exact functional relationship
between ∂ I0 /∂ z and I0 without making explicit reference to ψ (r) in any plane. The essence
of our approach is to use the functional form of Eq. (8) with the experimental measurement of
g(w) to devise an estimate of ∂ I/∂ z.
We now consider the case where this Gaussian beam illuminates a weakly scattering sample,
Fig. 2(a), producing the exit wave shown in Fig. 2(b). The far-zone intensity is measured, Fig. 3,
and the function g(w) is formed from it by a Fourier transformation.
We substitute these perturbed data into the same functional form of Eq. (8) to form the intensity derivative at the detector plane, Fig. 4(a). This compares extremely well to the exact result,
Fig. 4(b). These data are then substituted into the transport of intensity equation and solved for
the phase using standard methods of phase retrieval, yielding Fig. 5(a). The recovered phase
of ψS (r1 , z1 ) is very close to the input phase, a constant, over the region where the amplitude
differs significantly from zero. Some artifacts are visible in Fig. 5(a) which have an intensity of
less than 5% of the maximum of ψ S (r1 , z1 ). These are due both to the use of Eq. (8) to calculate ∂ I/∂ z for the perturbed wave, as well as numerical errors inherent in the method used to
solve Eq. (1) [28]. This sequence of steps provides a rather stringent test of the method, since
the perturbation parameter, ε , has been set at 0.1, corresponding to attenuation of the incident
amplitude by 10%. The smaller this parameter, the more closely the approximate solution approaches the exact solution, subject to the approximations inherent in the computational method
used to solve Eq. (1).
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Fig. 3. Logarithmic representation of the far-zone diffraction pattern for the exit wave.

Fig. 4. (a) Approximate far-zone intensity derivative distribution (b) Exact far-zone intensity derivative distribution.

Fig. 5. Non-iterative reconstruction of the diffracting object (a) and exit surface wave (b)
using the scheme derived here. The reconstruction is not perfect but represents an excellent
starting point for further iterative refinement.
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Note that the success of the method depends on the assumption that the scattering function introduces no new terms of the form T [S(w), ψ (r 1 , z1 ), w, Z] in Eq. (6), which in practice means
that the scattered function contains no piecewise discontinuities in the source plane. Consequently, we have constructed the test sample so that its edges are sufficiently smooth that no
new edge contributions are introduced into the functional relationship between ∂ I 0 /∂ z and I0 .
In this case, the transfer function in the scattering plane remains smooth and of small amplitude
relative to the incident beam, and the functional relation defined by Eq. (8) is sufficiently close
to the exact form so as to provide an accurate solution of the phase problem. In Fresnel diffractive imaging we are always able to recover the illuminating wavefield from measured intensity
data [26], which facilitates the construction of the explicit functional relationship involving
∂ I0 /∂ z and I0 that is required in this phase retrieval scheme.
The method described here is, however, necessarily approximate, since one cannot hope to
derive an explicit functional relationship between I and ∂ I/∂ z in all cases. Indeed, the forms
of the functional relations differ markedly from case to case, mainly because of the strong
influence of edge effects. The results display a high level of accuracy, and the results may be
used to seed refinement by iterative methods. The only restriction that must be observed strictly
in practice is that the amplitude of the perturbing wave fall smoothly to zero on its boundary; the
wave may be real or complex, subject to this restriction. Iterative methods are necessarily more
general, and more stable, because they are not subject to the restrictions inherent in the present
algorithm. They are, however, subject to iterative stagnation, and like all non-linear iterative
procedures are most useful when the iterative refinement is initiated in the neighbourhood of a
solution.
The work described here forms a link between quantitative phase imaging and coherent diffractive imaging. In our introductory comments we did not consider the relationship with holography. While this relationship could be productively explored in more detail, we point out here
that the defining feature of holography is its use of a reference wave. Examination of Fig. 3 reveals that much of the diffracted signal in this example falls on the detector in regions in which
the undiffracted illumination wave (the reference wave in a holographic interpretation) is negligible or absent. The phase in the region where there is no reference wave could not be recovered
using holography, and there would be no prospect of achieving the very high resolution that is
the goal of coherent diffractive imaging.
In summary, we have shown that it is possible to obtain a non-iterative solution to the coherent diffractive imaging problem in the case where the incident illumination has a curved
wavefront and known intensity profile. We have presented a numerical example that has been
constructed to mimic our recent experimental work in Fresnel diffractive imaging [16, 26]. The
approach indicates a substantially more reliable approach to the recovery of image information from diffraction data from objects such as single molecules, as has been proposed recently
through the use of X-ray free-electron laser sources, as well as the potential for an experimentally simpler approach to phase contrast imaging.
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