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Abstract: Fluorescence diffuse optical tomography is a powerful tool for
the investigation of molecular events in studies for new therapeutic
developments. Here, the emphasis is put on the mathematical problem of
tomography, which can be formulated in terms of an estimation of physical
parameters appearing as a set of Partial Differential Equations (PDEs). The
standard polynomial Finite Element Method (FEM) is a method of choice to
solve the diffusion equation because it has no restriction in terms of neither
the geometry nor the homogeneity of the system, but it is time consuming.
In order to speed up computation time, this paper proposes an alternative
numerical model, describing the diffusion operator in orthonormal basis of
compactly supported wavelets. The discretization of the PDEs yields to
matrices which are easily computed from derivative wavelet product
integrals. Due to the shape of the wavelet basis, the studied domain is
included in a regular fictitious domain. A validation study and a comparison
with the standard FEM are conducted on synthetic data.
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1. Introduction
This paper focuses on near-infrared diffuse optical tomography and its main application in
cancer research and small animal imaging (mice in our work) [1]. More specifically,
fluorescence-enhanced Diffuse Optical Tomography (fDOT) enables to estimate threedimensional (3D) locations and geometries of areas targeted by fluorescent markers, such as
tumors in a small animal. The physical parameters estimation, that is called the inverse
problem or reconstruction, is usually based on the minimization of the error (in the leastsquares sense) between measured outputs and outputs computed through a parameterized set
of Partial Differential Equations (PDEs). This latter modelling step, e.g. the resolution of the
PDEs, is the forward problem.
In the case of simplified geometries (semi-infinite media for example), the forward
problem can be solved with analytical solutions [2]; however these solutions require a
complex acquisition protocol, for example by immersing the small animal in an optical index
matching liquid. A numerical resolution of the diffusion equation using for example the
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polynomial Finite Element Method (FEM) [3], is generally used [4], because it has no
restriction in terms of neither the geometry nor the homogeneity of the system. However it is
well-known to be time-consuming and computation heavy. Then solving the adjoint problem
generally speeds up treatment and allows a full 3D reconstruction [5]. Nevertheless, since the
accuracy of the results is mesh dependent, the matrices dimensions involved in the discretized
version of the PDEs are large and the resolution of the problem remains long.
Our ultimate goal being to process experimental data in real-time, the principal objective
of the present work is to study an alternative numerical method in order to speed up the
computation of the forward model, that takes much more time than the reconstruction stage
(20 or 30 times longer if we choose an accurate method such as the FEM: the inverse problem
takes less than 3 minutes if we use a linearization method, the forward problem 40 or 50
minutes in the case of an object whose size is similar to the a mouse). Knowing that the mesh
generation in the standard FEM is very costly in time, especially in 3D, a wavelet-Galerkin
method is chosen, in particular because it is a meshless method. A regular grid is thus
established, and wavelets are chosen as interpolation functions, instead of the polynomial
functions of the standard FEM [3]. This method is interesting because it allows an accurate
solution comparable to the one obtained with the classical FEM, while saving computation
time.
It is well-known that wavelets are an efficient mathematical tool to solve PDEs [6] and the
physical applications are numerous. The wavelets can be used in the collocation method [7] or
in the Galerkin method [8]: these meshless methods are alternative methods to the standard
FEM in the resolution of all kinds of PDEs. A large mathematical theory shows significant
advantages of the wavelets compared to the classical polynomial functions of the FEM: G.
Oberschmidt et al. [9] proved that wavelets allow an important reduction of the number of
non-zero coefficients in the system matrix. Due to the properties of the wavelet basis,
wavelet-based numerical methods reach both good spatial and spectral resolution [10].
Another advantage is the multi-scale capability of wavelets [11], that allows a finer resolution
in the Regions Of Interest (ROIs). Finally the absence of mesh allows an efficient time
reduction compared to the standard FEM.
In the field of tomography, the wavelet-based methods are principally used in the inverse
problem. For example, wavelets are frequently used in X-ray tomography. Their application to
the Radon transform [12,13] allows for a multi-scale reconstruction to reduce noise and to
obtain an approximate reconstructed image without loosing quality. In optical tomography,
wavelets are sometimes used for the purpose of denoising, compressing data [14], and
regularizing reconstruction: Zhu et al. [15] use the wavelet-multiresolution approach to
reconstruct (at coarse approximation) the unimportant regions of the studied domain, and to
reconstruct in detail the ROIs. Computation time is thus reduced without quality loss in ROIs.
B. Kanmani et al. [16] describe the wavelets' insertion into the resolution of the inverse
problem in optical tomography: the reconstruction equation is projected on to a wavelet basis,
which reduces noise and computation time.
Galerkin method has been sometimes used in the domain of fDOT, to solve the forward
problem, with Daubechies wavelets [17] (where the wavelet-Galerkin method is used to solve
the general diffuse optical tomography equation, for finding the value of physical parameters),
splines [18] or exponential functions [19].
In the present work, Daubechies wavelets are chosen [20]. The solutions of the PDEs are
approximated by Daubechies scaling functions of order 3, instead of the classical polynomial
functions used in the standard FEM. The weak form of the PDEs is then projected in the same
basis of wavelets (Galerkin method). The stiffness matrix obtained in the matrix form of the
PDEs is then easily computable thanks to the properties of the wavelets, and the PDEs are
quickly solved.
The use of wavelets are however possible only on simple geometries, such as a rectangle
in 2D and a parallelepiped in 3D. In order to extend the wavelet-Galerkin method to any
geometry, the fictitious domains method [21] is chosen. This allows to satisfy the boundary
conditions at the same time.
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In this paper, we propose to solve the forward problem in fluorescence diffuse optical
tomography by a wavelet-Galerkin method. In order to apply this method to any complex
geometry, the fictitious domain method is chosen. Some simulations in 2D and 3D illustrate
the feasibility and the effectiveness of the method. The results of these simulations indicate a
time reduction in the solving of the PDEs, that can reach a factor 70 compared to the FEM.
The paper is organized as follows: section 2 is devoted to the description of the forward
problem in fluorescence diffuse optical tomography and its resolution by a general numerical
method, and a brief description of the inverse problem is given. In section 3 we present and
justify the choice of Daubechies wavelets, then we describe the chosen meshless waveletGalerkin method, applied to the diffusion equation implied in the forward problem and to the
associated boundary conditions. In section 4 we present the results obtained with simulations
in 2D- and 3D-domains, and the comparison with the results obtained with a classical
polynomial FEM. A discussion about these results is proposed in section 5. Finally the
conclusion is drawn in section 6.
2. Equations in optical tomography and resolution methods
In this section, we begin with a reminder of the basic equations governing light propagation
through diffusive media, within the diffusion approximation and more specifically in the case
of the fDOT. In the presented theory, discussion is restricted to a continuous wave
illumination system, although this work can be extended to other optical imaging approaches.
Some details of a general numerical method chosen to solve the forward problem are provided
in the second subsection, and the inverse problem is presented on the third subsection.
2.1 Analytical expression for the fluorescence signal in the framework of the fluorescence
Diffuse Optical Tomography
The objective of fDOT consists in reconstructing in 3D internal optical property maps of the
tissues and the local concentration of fluorescent markers (fluorochromes). This
reconstruction is based on an accurate forward model of coupled excitation and emission light
propagation through the studied medium, which is highly scattering. Consider a diffusing
medium with a total volume Ω, and bounded by the surface ∂Ω. Suppose a point source
located at the position rs inside the diffusing medium with intensity q(rs). The fluorochromes
present within the medium at position r are excited by the incident Diffuse Photon Density
Wave (DPDW) ux at the excitation wavelength λx (typically λx~700nm). Each excited
fluorescent particle then acts as a secondary point source at position r and generates a
fluorescent DPDW um, propagating with a longer wavelength λm. For simplicity we suppose λm
= λx; the light propagation through highly scattering media is commonly modeled, within the
Diffusion Approximation (the radiative transfer equation is more adapted for small animals
imaging, but this approximation is often used), by the following set of weakly coupled PDEs
[4]:
∇.( − D(r )∇u x (r, rs )) + µ a (r )u x (r , rs ) = q (rs )
(1)
.

∇.( − D(r' )∇u m (r' , r, rs )) + µ a (r' )u m (r' , r , rs ) = β (r )u x (r, rs )

The first equation represents the propagation of the excitation light (subscript x), from the
point-like source, located at position rs, to the fluorochrome at a position r inside the diffusing
volume Ω. The second models the generation at position r and the propagation of the emitted
light (subscript m), observed in the position r’. The coefficient µa is the total absorption in the
volume and D is the diffusion coefficient; for simplicity, these two coefficients are supposed
to be constant in this work. The parameter β(r) involved in the fluorescence source term is the
conversion factor of the excitation light, at a point r, into fluorescence light, and depends on
the intrinsic properties of the fluorochromes, such as the quantum yield and also their local
concentration. Hence, this parameter is precisely the parameter to be recovered. The other
physical parameters µa and D are considered to be known. In the time resolved domain, with a
more experimental method, one can also recover these parameters by generalizing the
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technique [22]. Since the parameter β(r) is directly proportional to the local concentration, it
allows the recollection of the position of the fluorochromes as well as their quantification.
Eq. (1) are subject to the Robin boundary conditions, which have to be verified at all the
boundaries of the system ∂Ω:
n.(− D∇u x (r, rs )) + ζ x u x (r, rs ) = 0 ∀r ∈ ∂Ω
(2)

n.(− D∇u m (r' , r, rs )) + ζ m u m (r' , r, rs ) = 0

∀r'∈ ∂Ω

where n is the outward unit vector normal to the surface, and ζ x (supposed to be equal to ζ m )
is a multiplicative factor, self-consistently accounting for index mismatching at the boundaries
and depending on the Fresnel reflection coefficients [23]. We note ζ x = ζ m = ζ .
By using the adjoint method [5], it can be shown that the observed fluorescent DPDW
umobs (rd , rs ) at detector position rd for a source at position rs, that is the contribution of all the
values u m (r'= rd , r, rs ) is given by [22]:

u mobs (rd , rs ) = ∫ u m (rd , r , rs ) dr = ∫ g m (r , rd ) β (r )u x (r, rs ) dr
Ω

(3)

Ω

where ux is the solution of the first equation of the system (1), and gm is the adjoint solution,
which verifies the following equation:
(4)
∇.(− D∇g m (r, rd )) + µ a g m (r, rd ) = q(rd )
rd being the position of a fictitious source placed at a detector position. The forward problem
consists in solving the first equation of (1) to determine ux, then Eq. (4) to determine gm.
Hence these equations will be written with the generic form:
(5)
∇.( − D∇u ) + µ a u = q
The inverse problem consists in solving Eq. (3) to determine the parameter β(r), knowing the
measures u mobs (rd , rs ) and the solutions of the forward problem ux and gm.
2.2 Numerical method and matrix form of the PDEs in the forward problem

Usually the medium has a complex inhomogeneous geometry, so a numerical resolution is
definitely required for solving (5): the Finite Element Method (FEM) is the method of choice.
Within the FEM, the volume object Ω is divided into a limited number N of elements which
are joint at vertices. In 2D, these elements can be triangles or rectangles. In 3D the elements
can be tetrahedrons or parallelepipeds.
Two steps are considered in the FEM [3]:
- First is the interpolation step, where an approximative solution u~ (u~ ∈ {u~x , g~m }) in the fDOT
case) of the PDE (5) is defined by linear combination of interpolation functions
f kinterp k =1...N :

{

}

N

uɶ = ∑ uk f kinterp .

(6)

k =1

 u1 
 

The numerical solution is the vector u =  ⋮  corresponding to the weight values for each

u 
 N

of the N interpolation functions [24]. q is approximated in the same way:
N

q~ = ∑ qk f kinterp .

(7)

k =1
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- Then the projection step consists in projecting the residual of the equation, defined by
R = ∇.( − D∇uɶ ) + µa uɶ − qɶ , which must be minimized, in a projection functions basis

{f }
proj

l

l =1... N

:

~

~

~

∫ ∇.(− D∇u ) + µ u − q ). f
a

proj
l

=0

l = 1,..., N . .

(8)

Ω

We summarize in the Table 1 the different existing classical numerical methods classified
in terms of interpolation / projection functions. The Galerkin projection method [3] is used
here to express the equations in a weak form: the basis of projection functions is equal to the
basis of interpolation functions: f kinterp = f kproj , ∀k = 1,..., N .
Table 1. Numerical methods by the Finite Elements Methods.

Interpolation Functions

Polynomial

Wavelets

Galerkin method (standard FEM)
Collocation method
Least-squares method
---

--Collocation method
Least-squares method
Wavelet-Galerkin method

Projection functions
Polynomial
Dirac
Residual derivative
Wavelets

By inserting Eq. (6) and (7) in Eq. (8), the PDE is then reformulated into a linear compact
matrix form:
(9)
A u = Pq q

 q1 
where q =  ⋮  is the vector of weight values given by (7), Pq is the projection matrix
 
q 
 N
whose coefficients are defined by the integrals

∫f

interp proj
k
l

f

, and A is called the stiffness

Ω

matrix and accounts for the different optical parameters and contains integrals of the form

∫f

interp ( m )
k

f l proj

(m)

where f

(m )

is the mth derivative of f, what we will describe in detail in

Ω

section 3. A is generally a sparse and quasi-diagonal matrix whose size depends on the
number of degrees of freedom in the FEM [3]. The different quantities are generally
approximated by piecewise quadratic functions, used in particular by the commercial software
used in the present work [25]. In this case, a triangular (or tetraedric in 3D) mesh is often
required to obtain a good accuracy.
2.3 The inverse problem

The inverse problem is the resolution of Eq. (3) in order to estimate β (r ), ∀r . When
discretizing the medium into elementary volumes, (3) readily appears as a linear function of
the parameters β. In order to introduce expression (3) into a reconstruction scheme, it is usual
to reformulate the problem in terms of a weight matrix (discretization numerical
implementation):
(10)
u obs
m = Wβ,
where the weight matrix W depends on the values of ux and gm, which are estimated in the
forward problem step. Each value of the vector u obs
represents the measurement on one of the
m
detectors for a given point source. β is the vector of the unknown parameters to be
determined. The inversion method used in this work is the Algebraic Reconstruction
Technique (ART), which is an iterative method [26].
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3. A wavelet-Galerkin method to solve the forward problem
There are a few motivations to replace polynomial functions by wavelet or scaling functions:
first the solution will have both good spatial and spectral resolution, not only spatial in the
case of the standard FEM, or only spectral in the case of spectral methods; second the wavelet
and scaling functions have a multi-scale capability, that allows a faster and finer resolution in
the ROIs; third the functions are continuous on the whole domain, so there is no equation
inter-element to solve, contrary to the standard polynomial FEM [3]; fourthly they are
separable, that implies an easy implementation in 2D and 3D; and finally, if the chosen
interpolation / projection functions of a Finite Element Method are wavelets, the nodes of the
mesh must be equidistant in order to keep the orthonormality of the wavelet basis, so the
solution is approximated in a regular grid (rectangular or parallelepipedic mesh, where all
elements have the same size): with the wavelets, that is sufficient to obtain a good accuracy in
the solution, and this regular grid has the advantage to gain a lot of time compared to the
definition of triangular (or tetraedric in 3D) mesh.
3.1 Choice of appropriate wavelets

3.1.1 General definition and construction of the wavelets
The concept of wavelets, introduced for the first time in the 80’s by the geophysicist J. Morlet
[27], has been widely applied for signal decomposition and approximation [11]. Let us briefly
give some properties of the wavelet basis:
If L2(R) is the space of finite energy signals, a multiresolution analysis is a succession of
subspaces Vj in L2(R) which verify the following conditions:
(i) ∀ j ∈ Z , V j +1 ⊂ V j ;
(ii) lim j →∞V j = {0} and lim j →−∞V j is dense in L2(R);
(iii) s

∈ Vj ⇔

s(./2)

∈ Vj+1;

(iv) ∃Φ , “scaling function”, such that {Φ(. − k ), k ∈Z} forms an orthonormal basis of V0. This
implies that {Φ j ,k }

k∈Z

is an orthonormal basis of Vj, where

Φ j ,k = 2− j /2 Φ(. / 2 j − k )

(11)

and it exists a sequence {h(n)}n∈Z , the scaling filter, such that:

Φ = 2 ∑ h( n)Φ( 2. − n).

(12)

n∈Z

We have furthermore the normalisation condition:

∫ Φ = 1.

3.1.2 Choice of Daubechies scaling function
Daubechies scaling function Φ associated with the wavelet function Ψ of order M [20] is often
chosen to solve the PDEs [17, 28], because they have the following properties:
- Wavelets are directly issued from the multiresolution analysis [11] and they form an
orthonormal basis of L2(R);
- The wavelet functions Ψ have M vanishing moments, that means that it reproduces
polynomials up to degree M; the more M will be large, the more Φ will be regular and the
solution of the PDE better approximated;
- Φ is compactly supported, due to the construction of the filter h: if h(n)=0 for n<0 and
n>2M-1, support(Φ) = support(Ψ) = [0,2M-1] = [0,p].
Daubechies wavelets have the important property to offer the smallest support for a given
number M of vanishing moments. In fact, the smaller the support is, the faster the calculations,
in this basis, are. However, the greater the number of vanishing moments is, the more regular
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the wavelet and the scaling function are, but the larger the wavelet support will become. So a
trade-off has to be found: Daubechies constructed its basis by optimizing these two properties.
Daubechies scaling function with M=3, the chosen order in this work, is presented in Fig. 1:
the support is not too large (p=2M-1=5) and three vanishing moments lead to a wavelet
function not too irregular.

Fig. 1. Daubechies scaling function of order M=3.

3.2 Resolution of the diffusion equation by the wavelet-Galerkin method

3.2.1 General case of Galerkin method
Resume the diffusion Eq. (5) and write its integral form (in 1D) obtained from Eq. (6), (7) and
(8):
N
N
N
(13)
u f interp f proj = q f interp f proj
l = 1,..., N
− D u (∇ 2 f interp ) f proj + µ

∑ ∫
k

k =1

k

a

l

∑ ∫
k

k =1

Ω

k

∑ ∫
k

l

k =1

Ω

k

l

Ω

After an integration by parts of the first term and by applying the Green-Ostrogradski
theorem, then including the Robin boundary conditions (2) (which have the advantage to
insert naturally in the integral form of the PDE [29], because they are necessary and
sufficient), we obtain, by placing in a Galerkin scheme ( f kinterp = f kproj = f k , ∀k = 1,..., N ), the
weak form of the PDE:
N
N
N
N
(14)
u f f = q f f
l = 1,..., N
ζ u f f + D u ∇f ∇f + µ

∑ ∫
k

k =1

k

l

∂Ω

∑ ∫
k

k =1

Ω

k

l

a

∑ ∫
k

k =1

k

l

∑ ∫
k

k =1

Ω

k

l

Ω

This set of N equations can then be reformulated into a linear compact matrix form (9).
3.2.2 Weak form expression with Daubechies scaling function
Now we introduce the Daubechies scaling function Φ and the corresponding basis fk =
Φ j ,k = 2 − j / 2 Φ (. / 2 j − k ) as interpolation / projection functions. Let uɶ j be an approximation
at scale 2j (approximation level j) of the exact solution of (5). Interpolation step is written
under the following general form (in 1D):

u~ j =

Nx − p

∑u

j ,k

Φ j ,k ; q~ =

Nx − p

∑q

j ,k

Φ j ,k

(15)

k =0

k =0

where
q j , k = ∫ qΦ j , k .

(16)

Ω

Nx is the meshes number in a 1D regular grid (dimension x), that has to be determined
according to the geometry of the studied domain and the chosen scale 2j: the more j will be
large, the more the grid and then the solution will be coarse; p=2M-1 is the wavelet support
size, p=5 in the case of Daubechies order 3. Figure 2(c) gives a simple schema of used scaling
functions that are included in the studied domain Ω=[0 8] (Nx=8): the solid curves represent
the functions which are totally included in Ω, that is Φj,k for j=0 and k=0 to Nx-p=3. One talks
here about meshless numerical method, because the mesh is a simple regular grid, in order to
preserve the basis orthonormality.
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Eq. (14) becomes:
ζ

Nx − p

Nx − p

∑ u ∫Φ
j ,k

k =0

j ,k

Φ j , l + D ∑ u j , k ∫ ∇ Φ j , k ∇ Φ j ,l + µ a
k =0

∂Ω

=

Ω

Nx − p

∑ q ∫Φ
j ,k

k =0

j ,k

j ,k

k =0

j ,k

Ω

Φ j ,l

(17)

Φ j ,l , l = 1,..., N .

∫Φ

j ,k

Ω

j ,k

∑ u ∫Φ

Ω

At this stage, we see that three types of integrals appear:

∫Φ

Nx − p

Φ j ,l ,

∫ ∇Φ

j ,k

∇Φ j ,l and

Ω

Φ j ,l . Such derivative wavelet product integrals, called the connection coefficients, are

∂Ω

defined in the unbounded case by the Eq. (18):
+∞

Γ jm,k1 ,,ml 2 [− ∞;+∞ ] = 2 − j (1+ m1 + m2 ) ∫ Φ (jm,k1 ) ( x )Φ (jm,l2 ) ( x) dx

(18)

−∞

m
where Φ = ∂ Φ ( x) . They can be accurately calculated from the scaling filter h(n)
∂x m
(Beylkin's theory) [30]. Coefficients tables are sometimes given for different wavelet orders M
and for different derivation orders m1, m2 [31], and can be applied generally to each
approximation level j; in the following, we choose j=0 in order to simplify the notations. The
tables that are useful in the diffusion problem are reported in Appendix, for M=3. Note that
because of the orthonormal specificity of Daubechies scaling functions, we have:
(m)

+∞

Γk0,,l0 [− ∞;+∞ ] = ∫ Φ ( x − k )Φ ( x − l )dx = δ k ,l .

(19)

−∞

In the case of optical tomography, studied domains are not infinite, and we need to
compute connection coefficients for intervals smaller than the wavelet support:
n

Γkm,l1 ,m2 [0; n] = ∫ Φ ( m1 ) ( x − k )Φ ( m2 ) ( x − l )dx.

(20)

0

1

where n is an integer. Γk0,,l0 [0;1] = Φ ( x − k )Φ ( x − l )dx can be calculated in different ways,

∫
0

for example by [31, 28]. Then we can show that (more details in Appendix):
n −1

Γk0,,l0 [0; n] = ∑ Γk0−,0p ,l − p [0;1].

(21)

p =0

Finally the Eq. (17) can be written on the matrix form Au = Pq q . Here A is the stiffness
matrix whose terms depend on the connection coefficients and on the physical parameters, u
is the vector of the N unknowns u j , k , Pq is the projection matrix whose coefficients are
defined by the integrals

∫Φ

j ,k

Φ j ,l , q is the vector of the N coefficients q j , k of the

Ω

approximated source function qɶ defined by Eq. (15).
In 2D and 3D, the previous equations can be generalized by tensor products [32]. Thanks
to the separability property of the wavelets, the interpolation functions become for example in
2D:
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Φ j , k x , k y ( x, y ) = Φ j , k x ( x ) Φ j , k y ( y )
= 2 − j Φ(2 − j x − k x )Φ(2 − j y − k y ),

(22)

k x = 0,..., N x − p,
k y = 0,..., N y − p.
Eq. (17) can be generalized in 2D and 3D. The meshes number becomes N x × N y in 2D,

N x × N y × N z in 3D, that depends on the geometry of the studied domain and on the
meshsize, i.e. the approximation level j.

Fig. 2.( a) Schema of a fictitious domain (rectangle Ω’) larger than the studied domain Ω in 2D.
(b) Schema of the discretized approximation of edges ∂Ω . (c) Schema of a fictitious domain
in 1D and corresponding scaling functions Φ j ,k = 2 − j / 2 Φ (. / 2 j − k ) with j=0 and k=-4 to 7.

3.3 Fictitious domain method
Wavelet basis used in PDEs solving have however the inconvenient to be applicable only on
simple geometries, that is a rectangle in 2D and a parallelepiped in 3D. A fictitious domain Ω’
larger than the studied domain Ω must be defined (Fig. 2(a)): it is a rectangle in 2D and a
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parallelepiped in 3D, allowing thus the use of the wavelets. The PDEs are solved into this new
domain [21]. The parameters k and l of Eq. (17) are consequently not defined from 0 to Nx-p
(in dimension x), but from (–p+1) to Nx-1, that means p-1 additional scaling functions on
either side of the studied domain, for each dimension. The Fig. 2(c) shows a schema in 1D of
fictitious domain and of the p-1 added functions on the two sides: in this example, the 8 added
functions are schematized by the dotted curves, for k=(-p+1)=-4 to (-1) and k=(Nx-p+1)=4 to
(Nx-1)=7.
Only the results in the region of interest Ω are considered.
We must also pay attention to the boundary conditions, that have to be verified on ∂Ω and
not on ∂Ω' . The boundary conditions are furthermore inserted during solving the PDEs (Eq.
(14)), that allows to include the actual physical boundaries into the fictitious domain. The
edges ∂Ω of the studied domain have to be approximated by small regular edges (Fig. 2(b)).
The first term of Eq. (17) which depends on Φ j , k Φ j ,l is consequently decomposed on each

∫

∂Ω

edge. For example, if the domain is a 2D-rectangle delimited by x=0, x=Lx, y=0 and y=Ly,
e.g. 4 edges, this integral becomes:
Ly

∫ Φ k x ,k y ( x, y)Φ lx ,l y ( x, y)dxdy = Φ(−k x )Φ(−l x ) ∫ Φ k y ( y)Φ l y ( y)dy

∂Ω

y =0

Ly

+Φ ( L x − k x )Φ ( L x − l x ) ∫ Φ k y ( y )Φ l y ( y )dy

(23)

y =0

Lx

+Φ (−k y )Φ (−l y ) ∫ Φ k x ( x )Φ l x ( x )dx
x =0

Lx

+Φ ( L y − k y )Φ ( L y − l y ) ∫ Φ k x ( x )Φ l x ( x)dx.
x =0

Eq. (23) is applied on any complex edges system ∂Ω . But we observe that the boundary
integrals
Φ j ,k Φ j ,l on these small edges require a specific calculation, thanks to the

∫

∂Ω

connection coefficients defined by (20) and (21), and that allows to reach a good accuracy in
the PDEs resolution.
4. Numerical simulations: comparison with the polynomial FEM

Two 2D-simulations were studied: first a simple rectangle of size 43 cm2, then an
approximated irregular geometry, whose edges are small segments. These geometries are
inserted in a fictitious rectangular domain (Fig. 3(a) and 3(b)) [33]. The chosen physical
parameters are D=0.0327 cm (diffusion coefficient), µa=0.2 cm-1 (absorption coefficient),
which are typical diffusion and absorption coefficients in biological tissues with the used
wavelength λx [34], and the source function is Dirac function: q=1 on the source node, 0
elsewhere. ζ=½ is the multiplicative factor in the boundary conditions (Eq. (2)). These 2Dobjects are simulated with 2 fluorescent elliptic zones, simulating the fluorophores positions
(Fig. 3(a) and 3(b)).
A third simulation with a simple cube, was chosen (Fig. 3(c)) to illustrate the feasibility in
3D. The corresponding fictitious domain is a larger cube. The fluorescent zone is an ellipsoid
zone inside the cube.
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Fig. 3.(a)( b) Schemas of the 2D geometries: black points: positions of the source; gray points:
detectors; ellipses: 2 simulated fluorophores; gray grid: regular grid for a scale 2-3; large
rectangle: fictitious larger domain; (c) schemas of the 3D geometry: ellipsoid: simulated
fluorophore. (d) Example of result for the forward problem (ux for the source #8 (surrounded in
(a)), in the first simulation), by wavelet-Galerkin method, analytical modelling and FEM. (e)
(h) Results of the rectangular simulation. (f)( i) Results of the irregular geometry simulation. g)
(j) Results of the cube simulation. (e) (f) (g) Results after reconstruction, with a forward
modelling by wavelet-Galerkin method and a reconstruction by ART; (h) (i) (j) Results with a
forward modelling by standard FEM method and a reconstruction by ART.

To obtain the simulated emission signal u mobs , the finite element software COMSOL
Multiphysics™ [25] is used. The simulated detectors are located on the physical surface of the
object (gray points on Fig. 3(a) and 3(b) for the 2D cases and 3g for the 3D case, placed on
the top of the objects). For the source positions simulation, a classical model to describe the
interaction between the medium and a laser beam is to consider an isotropic point source at
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distance 1 (where µs' is the reduced scattering parameter [35]) from the boundary ∂Ω ,

µs'

inside the domain.
For simplicity, the virtual sources are placed in these simulations on grid nodes (black
points on Fig. 3(a) and 3(b) for the 2D cases and black crosses on Fig. 3(g), placed at the
bottom of the objects); but the generalization to another distance is possible by interpolation
of the source function q on neighbouring nodes.
For the forward model, the studied domain is divided according to a regular grid. In the
case of the irregular 2D geometry, the fictitious domain is the same as the one of the rectangle
defined in the first simulation (Fig. 3(a) and 3(b)). In this work, we chose j=-3 in the whole
studied domain, so we have 23=8 nodes for 1 cm.
Then the solutions ux and gm of the forward model (5) are computed; the Fig. 3(d) gives an
example of ux values along a cross section represented by the line arrow on Fig. 3(a): 3 curves
are presented: first the result obtained by the FEM, second the result obtained by an analytical
calculation (with a semi-infinite medium hypothesis), third the result obtained by the waveletGalerkin method.
Finally the inverse problem is solved by using the ART method [26]. The reconstructions
of the spatial distribution of parameter β, are represented with a gray level scale on Fig. 3(e),
3(f), 3(g), 3(h), 3(i) and 3(j). The results are normalized: the white color represents the value
0, the black color represents the normalized maximal value 1.
The parameters for each of these simulations are summarized in the Table 2. The results
are presented with a resolution of the forward model first by a wavelet-Galerkin method
(noted W-G), second by a classical polynomial FEM.
Table 2. Description of the 3 simulations

Rectangle 2D

Complex geometry 2D

Cube 3D

Size of fictitious domain

43 cm2

43 cm2

333 cm3

Number of sources

14

15

121

Number of detectors

14

7

121

Approximation level j

-3

-3

-2

Number of nodes W-G Nx×Ny×Nz

37×29×1=1073

37×29×1=1073

17×17×17=4913

Number of nodes FEM

~1100

~1100

~4900

Time solving W-G

2 sec.

6 sec.

25 sec.

Time solving FEM

140 sec.

70 sec.

15 min.

4.1 Simulation with a rectangle
The simple rectangle is of size 43 cm2, with two elliptic zones simulating the positions of
the fluorophores (Fig. 3(a)). The sources are positioned on the bottom horizontal line, the
detectors on the top horizontal line (Fig. 3(a)).
The meshsize is determined by the scale 2j of the scaling function. x takes the values 0, 2j,
22j, …, 4. So we have in the fictitious domain Nx=(42-j+1)+4. The presented results are
obtained with j=-3 in the case of wavelet-Galerkin method (Nx=37 and Ny=29), and with an
equivalent mesh size in the case of classical FEM.
Figure 3(e) gives reconstructions obtained with a wavelet-Galerkin model, Fig. 3(h) with a
classical polynomial FEM model. The forward model computation takes 2 seconds with a
wavelet-Galerkin method, and 140 seconds with FEM.
4.2 Simulation with an irregular geometry
The studied domain is included in the same rectangle as previously. 15 source positions are
considered and the 7 detectors are positioned on the top boundaries (Fig. 3(b)). Two elliptic
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zones simulate the positions of the fluorophores. The resolution level is the same than
previously (j=-3).
Figure 3(f) gives reconstructions with a wavelet-Galerkin model, Fig. 3(i) with a classical
polynomial FEM model. The forward model computation takes 6 seconds with a waveletGalerkin method, and 70 seconds with FEM.
4.3 Simulation with a cube
The cube size is 333 cm3. 121 source positions are considered at a distance 1 from the

µ s'

bottom surface and 121 detectors are positioned on the top surface.
One ellipsoidal zone simulates the fluorophores. The level is in this case j=-2, so we have
a coarser mesh than in the 2D cases (4913 nodes).
Figure 3(g) gives reconstruction by ART with a wavelet-Galerkin model, Fig. 3(j) with a
classical FEM model. The forward model computation takes 25 seconds with a waveletGalerkin method, and 15 minutes with FEM.
5. Discussion

The simulations presented in the previous section have shown the effectiveness of the
wavelet-Galerkin method and its relevance in terms of computation time (a factor of 10 to 70
is gained depending on the studied geometry). The final results obained by a wavelet-Galerkin
modelling are comparable in terms of quality with the one obtained by a standard FEM
modelling. Consequently we are able to solve the forward problem with the wavelet-Galerkin
method, from ~10 to 70 times faster.
We observe in the first simulation that the right hand side fluorophore is reconstructed
with a smaller intensity than the left one (in the 2 modelling 2D cases). That is due to the
fluorophore horizontal orientation, since there is a lower resolution in the direction
perpendicular to the source-detector axis.
An important remark is that if we want more reproducibility in the reconstruction by
increasing the number of detectors or the number of source positions, the standard FEM will
take much more time on account of the meshing step, for each source position; but in the case
of the meshless modelling, this step does not exist, and the calculation time will be the same
whatever the number of detectors and the number of source positions.
We see that the fictitious domain and the calculation of connection coefficients do not add
significant computational time, and they allow the boundary conditions to be well verified, as
well as with the FEM. In wavelet-Galerkin case, the accuracy of the boundary conditions is
furthermore improved thanks to the calculation of the connections coefficients on intervals.
For example, the Fig. 4 illustrates the differences in the reconstruction of the second
simulation, between the exact calculation of connection coefficients on ∂Ω , and an
approximate calculation which uses only the global connection coefficients defined on
unbounded domain: artifacts on the edges are slightly reduced.

Fig. 4. Reconstruction of the second simulation (a) with connection coefficients accurately
calculated on ∂Ω ; (b) without accurate connection coefficients on ∂Ω .

#113879 - $15.00 USD

(C) 2009 OSA

Received 20 Jul 2009; revised 4 Sep 2009; accepted 8 Sep 2009; published 28 Sep 2009

12 October 2009 / Vol. 17, No. 21 / OPTICS EXPRESS 18446

Finally, to illustrate the reconstruction error, the quadratic normalized error is mesured:

ε=

u mobs − u mrec
u

where u

obs
m

2

(24)

obs 2
m

is the observed fluorescence DPDW (given by Eq. (3)) simulated by COMSOL

Multiphysics™,

and

u mrec

the

reconstructed

fluorescence

β rec

u mrec (rd , rs ) = ∫ g m (r , rd ) β rec (r )u x (r , rs ) dr , where

DPDW,

given

by

is the reconstructed fluorescence

Ω

parameter. In the case of wavelet-Galerkin model 3D, ε=1.68 %; in the case of FEM model,
ε=5.98 %. So we can see that the wavelet-Galerkin method reduces time computation in the
forward model, and the quality of the reconstruction is improved compared to the classical
FEM-based forward problem solving.
6. Conclusion

In this work we have, as extensively as possible, described a method for solving the diffusion
equation appearing in the forward problem in fluorescence diffuse optical tomography: the
wavelet-Galerkin method. We have chosen the Daubechies scaling function of order 3, and we
have calculated the connection coefficients to verify accurately the boundary conditions.
Some simulations in 2D and 3D have validated the accuracy of the method, and have given
faster forward problem solving than the classical FEM.
Some improvements and works need to be done: first experiments in 3D with a complex
geometry would corroborate the advantages of the wavelet-Galerkin method. Then the
multiresolution properties of the wavelets would be applicable to a multi-scale solving
system: that would allow a better accuracy in the ROIs of the studied domain, from the
forward problem and not uniquely in the reconstruction.
Note that the wavelet-Galerkin method can be applied to any inhomogeneous medium:
suppose that the physical parameters are not constant in the medium. For example,

(

D = D1 ⋯ DN x

)

T

and

µ a = (µ a1 ⋯ µ aN

)

T

x

, where Nx is the grid nodes number.

Eq. (17) becomes

ζ

Nx − p

∑
k =0

u j , k ∫ Φ j , k Φ j ,l +
∂Ω

Nx − p

∑ u j ,k ∫ Dk ∇Φ j ,k ∇Φ j ,l +
k =0

=

Ω

Nx − p

∑ q ∫Φ
j ,k

k =0

We suppose for example that

j ,k

Nx − p

∑ u ∫µ
j ,k

k =0

ak

Φ j , k Φ j ,l

Ω

Φ j ,l , l = 1,..., N x .

Ω

µ ak

is piecewise constant; it is then decomposed on a

wavelet basis, for example the appropriate Haar’s wavelet: µ ak = ∑ µ a ( k ,m ) Θ j ,m , where
m

Θ j ,m

∫µ

Ω

ak

is

the

Haar

scaling

function.

Then

we

can

write

Φ j ,k Φ j ,l = ∑ µ a ( k ,m ) ∫ Θ j ,m Φ j ,k Φ j ,l . Three wavelets product integrals have to be
m

Ω

calculated. S. Dumont [28] for example describes the method to calculate these 3-term
connection coefficients. As for the connection coefficients described in Eq. (18), the values
are defined in tables.
The method is general and can be applied to a time-resolved diffusion equation or another
time-resolved equation. It is very interesting in terms of computation time, because in the case
for example of deformable mesh in time, the classical FEM would take a very long time: a
wavelet-Galerkin method would be very fast thanks to its meshless property, while keeping
the accuracy of the results.
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Appendix : Connection coefficients

Table A-1 provides the values of the scaling filter h(n), for n=0 to 2M-1, in the case of
Daubechies wavelet of order M=3. Tables A-2 and A-3 present the values of the connection
coefficients useful in this work, that means Γk1,,1l [− ∞;+∞], for different k and l, where

Γkm,l1 ,m2 [− ∞;+∞] is defined by Eq. (18), and Γk0,l, 0 [0;1] defined for a bounded interval [0,1],
where Γk0,,l0 [0; n] is defined by Eq. (20).
Table A-1. Daubechies scaling filter coefficients, order M=3.

h(n)
0.470467207784
1.141116915830
0.650365000526
-0.190934415568
-0.120832208310
0.498174997316

n
0
1
2
3
4
5
+∞

Table A-2. Values of

Γk1,,1l [− ∞;+∞ ] = ∫ Φ (1) ( x − k )Φ (1) ( x − l )dx , with Ф the Daubechies scaling
−∞

function of order M=3. This filter is symmetrical, only the value |k-l| is considered.

k −l

Γk1,,l1

0
1
2
3
4

295/56
-356/105
92/105
-4/35
-3/560

1

Table A-3. Values of

Γ

0, 0
k ,l

[0;1] = ∫ Φ( x − k )Φ( x − l )dx , with Ф the Daubechies scaling function of
0

order M=3.

k
l
-4
-3
-2
-1
0

-4

-3

-2

-1

0

0.14779113.10-5
0.32493517.10-4
-0.13438872.10-3
0.44132828.10-3
0

0.32493517.10-4
0.13384609.10-2
-0.56847878.10-2
0.18927524.10-1
-0.44132828.10-3

-0.13438872.10-3
-0.56847878.10-2
0.31063533.10-1
-0.11767594
-0.18793136.10-1

0.44132828.10-3
0.18927524.10-1
-0.11767594
0.47094873
0.12332824

0
-0.44132828.10-3
-0.18793136.10-1
0.12332824
0.49664780

The details of Eq. (21) are given by the following equation:
n

Γk0,,l0 [0; n] = ∫ Φ( x − k )Φ( x − l )dx
0

1

2

n

0

1

n −1

1

1

1

0

0

0

= ∫ Φ( x − k )Φ( x − l )dx + ∫ Φ( x − k )Φ( x − l )dx + ... + ∫ Φ( x − k )Φ( x − l )dx
= ∫ Φ( x − k )Φ( x − l )dx + ∫ Φ( x + 1 − k )Φ( x + 1 − l )dx + ... + ∫ Φ( x + n − 1 − k )Φ( x + n − 1 − l )dx
= Γk0,,l0 [0;1] + Γk0−, 01,l −1 [0;1] + ... + Γk0−,0n+1,l − n+1 [0;1]
n −1

= ∑ Γk0−,0p ,l − p [0;1].
p =0
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