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Abstract: Bistability (BS) and self-pulsation (SP) phenomena in silicon
microring resonators (MRR) with intense CW light injection are studied.
Several nonlinear optical effects including Kerr effect, two-photon
absorption, free carrier absorption and free carrier dispersion are taken into
account. The threshold optical intensity of BS and SP is derived from the
coupled mode theory and a linear stability analysis method. The influences
of MRR’s parameters (carrier lifetime, linear loss and radius) and light
injection conditions (input power, wavelength detuning) on the
characteristics of SP (modulation depth and oscillating frequency) are
analyzed and discussed. It is shown that, SP occurs only if the carrier
lifetime ranges from several ps to several-hundred ps and the input light
intensity is higher than 106W/cm2. The modulation depth of SP can be as
large as 8dB and the associated oscillating frequency is in the range from
several GHz to beyond 10 GHz.
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1. Introduction
Optical bistability (BS) and self-pulsation (SP) have been demonstrated theoretically and
experimentally in various photonic devices with nonlinear responses and feedbacks [1], such
as Fabry-Perot resonators [2], fiber Bragg gratings [3, 4], photonic crystal micro-cavities [5]
and microring resonators [6–9], etc. It has been indicated that SP results from two competing
mechanisms, e.g., the relaxation time of the nonlinear medium and the transit time of the light
[10–13]. K. Ikeda has shown theoretically that SP or even chaos can be observed under two
opposite extreme conditions: the relaxation time of the medium is much shorter or much longer
than the transit time [11, 12].
Two methods are widely used for analyzing BS and SP: Finite-Difference Time-Domain
(FDTD) method [14, 15] and Coupled Mode Theory (CMT) [3–5, 16]. Though FDTD is an
accurate method and is capable to handle with both linear and nonlinear features in photonic
devices, it is inadequate to reveal physics insights of BS and SP phenomena. On the other hand,
CMT provides an intuitive way to define the criteria for BS and SP boundaries through the
linear stability analysis of differential equations or Hopf bifurcation method [17]. Current
analysis of BS and SP phenomena by CMT method is mainly focused on the Kerr effect in
photonic crystal cavities. Comparing with photonic crystals, silicon microring resonators
(MRR) have the characteristics of smaller Kerr, smaller TPA coefficients, and a longer carrier
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lifetime, which indicate that MRRs need a higher input power to excite SP. Although the TPA
effect has been discussed in detail in [16], the Kerr effect which also plays a role in the
threshold input power values for SP, was omitted completely. Other numerical methods such
as discrete nonlinear Bloch modes can be used to analyze the nonlinear phenomena as well
[18].
In this paper, we use a silicon MRR with an all-pass configuration (see Fig. 1) to obtain a
better understanding of physical and mathematical pictures of BS and SP phenomena with the
consideration of the Kerr effect, TPA effect, free carrier absorption (FCA) effect and free
carrier dispersion (FCD) effect [19, 20].
In section 2, the nonlinear light propagation equation and the carrier density rate equation
for the silicon MRR using CMT method are established. In section 3, through linear stability
analysis of the established differential equations, BS and SP phenomena are analyzed. The
effects of several key parameters, such as the carrier lifetime, the input light intensity, the input
light wavelength detuning, and the linear loss of the MRR are investigated in detail. The
dependence of modulation depth of SP as well as its oscillating frequency on the input light
intensity is also discussed. Finally, we conclude our paper in section 4.

Fig. 1. Configuration of an all-pass microring resonator.

2. Numerical model
The nonlinear light propagation equation derived from a nonlinear coupled-mode theory and
carrier density rate equation are used to analyze SP and BS phenomena in the all-pass MRR
(Fig. 1). Under linear condition, the coupled mode theory has been demonstrated to agree very
well with the FDTD method [21]. The nonlinear equations considering Kerr effect, Two
Photon Absorption (TPA) effect, Free-Carrier Absorption (FCA) effect and the associated
Free-Carrier Dispersion (FCD) effect are given by [21–24]:
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Here u is the complex amplitude of light propagating in the MRR, which is normalized by
letting |u|2 equal to the mode energy; Pin is the incident power in the straight silicon waveguide;
ω0 is the resonance frequency of the MRR and ωL is the incident light frequency;
2

n2 I c u / (n0VKerr ) is the refractive index change caused by the Kerr effect, where n2I is the
Kerr coefficient and VKerr the Kerr nonlinear volume; − (σ r1 N + σ r 2 N 0.8 ) is the refractive index
change induced by FCD [25]; ω0 / (2QL ) refers to the linear loss and QL is the loaded
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quality factor of the MRR which is defined as QL = λ0 / ∆λ3dB ; β 2 c 2 u

2

(2n02VTPA ) is the

absorption loss caused by TPA with β 2 being the TPA coefficient; σ FCA Nc (2n0 ) is the
FCA loss with σ FCA being the FCA coefficient;

Γ c Pin is the energy coupled into the MRR

where Γ c is the coupling coefficient and is related to the external quality factor Qe by

Γ c = ω0 / Qe . In Eq. (2), the first term on the right hand is the free carrier density change
induced by TPA, and the second term is the dissipation of free carrier density caused by free
carrier recombination where τ car is the free carrier lifetime.
Under critical coupling condition, the inner quality factor Q0 is equal to the external quality
factor Qe, which means that the power loss in the MRR is equal to the power coupled into the
ring via the coupler. Because 1 / QL ≡ 1 / Q0 + 1 / Qe , we get 2QL = Q0 . It has been shown that
Q0 is related to the linear loss coefficient α [m−1] by

Q0 =

a = exp ( −α L / 2 ) . Since α L << 1 , we get a ≈ 1 − α L / 2 and Q0 ≈

π Ln0 a
,where
λ0 1 − a

2π n0

[26].

αλ0

In the output port of the MRR, light obeys the following equation [21]

boutput = Pin − Γ c u,

(3)

where boutput is the complex amplitude of the output light which has been normalized such that
| boutput |2 is equal to the output power.
It has been proved that the stability of the differential equations Eqs. (1) and (2) can be
analyzed by using Hopf bifurcation method which uses linear matrix to find the eigenvalues.
The matrix can be obtained by two steps: finding the values that satisfy stable conditions
∂u / ∂t = 0, ∂N / ∂t = 0 ; adding small perturbations to these stable values and substituting the
updated results into the differential equations, with omitting higher order terms and obtaining
the linear matrix. It should be noted that we should normalize Eqs. (1) and (2) to make the
values of parameters in the same order of magnitude as much as possible to facilitate the
procedure to get the correct eigenvalues of the matrix.
The normalized dimensionless nonlinear transmission function as well as normalized
dimensionless carrier density rate equation are as follows [16]:

∂a
2
2
= P + iδ a − inKerr _ N a a + i (n + σ FCD n 0.8 )a − (1 + γ FCA n)a − α TPA a a,
∂t

(4)

n
∂n
4
= a − .
τ
∂t

(5)
2

where the normalized time t is in unit of 1/Γ0 with Γ0 = ω0/(2QL). a = u
normalized energy in the ring; P =
normalized carrier density; δ =

nKerr _ N =
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related to the FCD effect; α TPA =
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The equation to describe the dimensionless normalized output light in the through port of
the MRR is similar to Eq. (3). It only needs to replace the real parameters Pin and u in Eq. (3)
with dimensionless normalized parameters P and a, respectively.
Equations (4) and (5) have steady state solutions a (t ) = A, n(t ) = N 0 by letting ∂a / ∂t = 0
and ∂n / ∂t = 0 :

N 0 = τ | A |4 = τ E 2 ,

(6)

2
2
P = E (1 + γ FCAτ E 2 + α TPA E ) + (δ − nKerr _ N E + τ E 2 + σ FCDτ 0.8 E1.6 )  .



(7)

where E =| A |2 is the intracavity normalized dimensionless energy. Again, by using the same
method discussed earlier, we can obtain the linear matrix equations. Letting a (t ) = A + δ a
and n(t ) = N 0 + δ n , the perturbation array ε ≡ (δ a, δ a*, δ n)T is found to obey the linearized
equation:

d ε / dt = M ε ,

(8)

where the eigenmatrix M is

 M 11

M =  M 21
M
 31

M 12
M 22
M 32

M 13 

M 23  ,
M 33 

with

M 11 = iδ − inKerr _ N 2 | A |2 +i ( N + σ FCD N 00.8 ) − (1 + γ FCA N 0 ) − 2αTPA | A |2 ,
M 12 = −inKerr _ N A2 − α TPA A2 , M 13 = i (1 + 0.8σ FCD N 0−0.2 ) A − γ FCA A,
*
, M 33 = −1 / τ .
M 21 = M 12* , M 22 = M 11* , M 23 = M 13* , M 31 = 2 | A |2 A* , M 32 = M 31

The complex eigenmatrix M must have two conjugate complex eigenvalues λr ± iλi and
one real eigenvalue λ0 . It is well known that for BS condition it requires λ0 > 0 , while for SP
condition λr > 0 .
By solving Eqs. (4)- (8), we can analyze various conditions that SP would occur and how
strong it is. Besides, physical mechanisms under SP will be discussed below.
For the silicon MRR shown in Fig. 1, we choose a ridge waveguide with a width of 550 nm,
a height of 400 nm and a height of ridge of 180 nm. The waveguide has an effective index of
2.99, and effective area of 0.254 µm2. The use of ridge waveguide has an advantage in reducing
the carrier lifetime in the silicon waveguide if a pair of reverse biased p-i-n electrodes is added
on both sides of the ridge. The linear loss of the ridge waveguide is about 1 cm−1 and the radius
is 5µm, resulting in a quality factor of about 60000. When considering critical coupling, the
power coupling parameter is about 0.003, and the gap between the ring and bus waveguides is
about 780 nm.
Actually, the nonlinear area is slightly smaller than the effective area of the silicon ridge
waveguide, therefore we assume the effective area to be approximately the nonlinear area. The
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nonlinear volume is assumed to be the product of this nonlinear area and the length of the
silicon MRR. Other material parameters are defined as follows: for Kerr coefficient n2I = 4.5 ×
10−18m2/W, for TPA coefficient β2 = 0.75 × 10−11m/W, for FCA coefficient
σ FCA = 1.45 × 10−23 m 2 . ∆n fc = −(8.8 × 10−22 × N + 8.5 × 10−18 × N 0.8 ) is the refractive index
change induced by the FCD effect where N is in cm−3 around 1.55µm [25, 27, 28].

3. Analysis and discussion
Although the Kerr effect plays a less important role than the TPA effect on the refractive index
change in the wavelength near 1.55 µm, the analysis neglecting Kerr effect in silicon may
suffer from the inaccurate prediction of analyzing dynamic unstable processes such as SP and
even chaos in silicon waveguides.
In Fig. 2(a), the Kerr effect has negligible influences on the energy in the MRR, particularly
for weak input light power. However, it contributes to non-negligible changes in the SP region
as indicated by the blue arrows and red circles in Fig. 2(a). Figure 2(b) plots the real eigenvalue
λ0, and the real part of the complex eigenvalues λr of the matrix with (blue curves) and without
(red curves) the Kerr effect. The threshold energy value for BS and SP is where λ0 = 0 and λr =
0, respectively. When the energy in the MRR is very small, the eigenvalue curves of the two
matrixes are almost identical, which is known as the linear condition. As the energy in the
MRR increases, the eigenvalue curves deviate from each other in most situations, and the
energies for the same eigenvalue in these two cases are different. If the Kerr effect is
considered, the range of SP extended from (0.77, 1.07) to (0.77, 1.33) in terms of the energy in
the MRR or from (3, 34) to (2, 106) in terms of the input light power.
It is clear from the comparison that, although the Kerr coefficient is smaller than the FCD
coefficient, the omission of the Kerr effect can be acceptable only in the nonlinear condition
where no rapid dynamic process is present (i.e., BS region). The omission of the Kerr effect is
inappropriate in analyzing SP or even chaos phenomena. A small perturbation on the refractive
index induced by the Kerr effect may have a large impact on SP or chaos, partly due to the fact
that the relaxation time for the Kerr nonlinearity is much shorter than the carrier lifetime.
+
−
In order to illustrate the parameter ranges of BS and SP clearly, we denote X BS
, X BS
,
+
−
X SP
, X SP
(X can be E, P, or Iin) as the threshold values of the normalized dimensionless
energy E, the input power P and the input light intensity Iin of the BS and SP, respectively. The
superscript sign “+” signifies the onset value, while the superscript sign “-” signifies the cut-off
−
+
−
+
value. It is shown in Fig. 2(a) that ESP
> ESP
> EBS
> EBS
, for BS, PBS− < PBS+ or I in −BS < I in +BS ,

while for SP, PSP+ < PSP− or I in +SP < I in −SP . We take the blue lines as an example, under certain
conditions, PBS+ > PSP+ or I in +BS > I in +SP . Under such circumstances, if the input light intensity Iin
satisfies I in +BS > I in > I in +SP , the output light intensity is determined by the initial state of the
energy in the MRR. If the initial normalized dimensionless energy in the MRR is zero at t = 0,
the energy keeps staying at the lower branch of the BS curve in Fig. 2(a), and the system will
select to give a steady state (CW) output intensity. In contrast, if the initial energy in the MRR
is taken as 1 at t = 0, the energy will keep staying at the upper branch of the BS curve, and the
system will select to output oscillating intensity (i.e., SP). Thus, it can be seen that one input
light intensity corresponds to two different output states: one is stable state and the other the
oscillating state. This is different from the BS situation where one input light intensity
corresponds to two stable output states.
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Fig. 2. Left (a): Steady state response E versus input normalized power P with (plotted in blue)
and without (plotted in red) the Kerr effect, respectively. Right (b): Real eigenvalue (solid
curves) and the real part of the two conjugate complex eigenvalues (bold dashed curves) that
with (plotted in blue) and without (plotted in red) the Kerr effect, respectively. The dotted lines
indicate BS threshold values; while the fine dashed lines indicate the start and end threshold
values of the SP (both of them are plotted in two colors for the cases of with/without the Kerr
effect.) Note that the above analyses are carried out for the carrier lifetime of 150ps and the
input light wavelength detuning of −0.05nm (if not other specified, the carrier lifetime and the
input light wavelength detuning take these values in the following simulations).

Equation (2) can be used to explain why SP occurs. When the input light is strong enough,
all of the nonlinear effects-the TPA, FCA, FCD, and Kerr effects-will be involved. SP stems
from the interaction between the resonance frequency of the MRR and the light intensity in the
MRR. For example, we take the resonance wavelength of the MRR as the wavelength of the
input light. In this case, the light intensity in the MRR increases gradually, and the absolute
value of the refractive index change induced by the Kerr and FCD effects increases too, but
with the opposite directions. As is pointed out that the FCD effect takes the major role in
controlling refractive index over the Kerr effect, the total refractive index would become
smaller, which blue-shifts the resonance wavelength. As a result, the input light wavelength is
not the exact resonance wavelength any more at this moment and the total light in the ring will
gradually decrease. The decrease of light intensity in the MRR would reduce the TPA induced
non-equilibrium carrier concentration, which contributes to the increase of the refractive index
as well as the red-shift of the resonance wavelength to align more closely with the input light
wavelength. This process increases the intracavity light intensity again. If the two competitive
processes progress with time, SP will occur. However, as indicated by our simulations, the
carrier lifetime must be as the same order of magnitude as the photon lifetime in the MRR for
the occurring of SP.
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Fig. 3. Output light intensities in time domain with different input intensities (a), (c), (e), (g) and
their associated phase loops (b), (d), (f), (h). The phase loop of the output light is normalized
according to the input light.

As is illustrated in Fig. 3, when the input light intensity is less than 1.5 × 106W/cm2, no
oscillation appears for the output light intensity. With increasing the input light intensity, the
oscillation becomes stronger as is clearly seen from Fig. 3(c) to 3(f). When the input light

#160644 - $15.00 USD
(C) 2012 OSA

Received 3 Jan 2012; revised 16 Feb 2012; accepted 14 Mar 2012; published 19 Mar 2012
26 March 2012 / Vol. 20, No. 7 / OPTICS EXPRESS 7461

intensity is much higher (see Fig. 3(g) and 3(h)), the time required for the build-up of SP
becomes short, so does the oscillation period. The phase-space pictures of the output light are
also shown in Fig. 3, which shows the attracting limit cycle (here we call it as phase loop). A
stable phase loop suggests a periodic oscillation which is called SP. If the SP oscillation
waveform is a simple harmonic wave, i.e., sinusoidal or cosine functions, the phase loop
should be a perfect round loop. The roundness of the loop reflects the simple harmonic
oscillation degree of the SP oscillation. That is, the second and higher harmonic oscillations
will appear when the phase loop is not a perfect round circle: the more serious the loop deviates
from the round circle, the larger the second and higher harmonic oscillation components are in
the SP oscillation. Furthermore, the larger the loop is, the larger the amplitude of the SP will
be.

Fig. 4. Modulation depth of SP versus input light intensity. The modulation depth of SP is
defined as the difference between the maximum and minimum output light intensity divided by
their sum. The two red dashed lines indicate SP threshold values, denoted as

I in +SP and I in −SP .

Fig. 5. SP frequency versus input light intensity (in logarithmic coordinates).
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The modulation depth of the SP is restricted by the MRR’s inner energy, the carrier density
and the carrier lifetime. With the increasing of the input light intensity the modulation depth of
the SP increases rapidly at first, after reaching a peak point, it decreases gradually, as
illustrated in Fig. 4. Here we take the input light intensity of 3 × 106W/cm2 and 3 × 107W/cm2
respectively for instance. According to the calculation, when the carrier lifetime is 150ps and
the linear loss is 1 cm−1, the normalized dimensionless carrier lifetime is determined to be
about 1.5. As the input light intensity is 3 × 106W/cm2, the output light intensity oscillates
between 0.714 × 106W/cm2 and 3.172 × 106W/cm2 with the modulation depth 0.633. In
contrast, as the input light intensity is 3 × 107W/cm2, the output light intensity oscillates
between 2.5 × 107W/cm2 and 3.15 × 107W/cm2, showing a modulation depth of only 0.115.
As shown in Fig. 5, the SP frequency increases with the enhancing of the input light
intensity. The fitting function between the SP frequency and the input light intensity is log(f) =
a + b*log(Iin), where a = −1.7745 and b = 0.3628, where the unit of f is GHz and Iin is W/cm2.
We can find that in logarithmic coordinates, the relation between the SP frequency and the
input light intensity is linear. Besides, it is also found that when the input light intensity, the
carrier lifetime and the linear loss are fixed, the SP frequency takes the same value for any
input light wavelength.
It has been proved that the SP can occur only when the varying range of |a|4 and n/τ are in
the same order of magnitude and have overlapping values, which requires that the carrier
lifetime must be within a specific range. As can be seen in Fig. 6 that the input light intensity
I in +SP for the onset point of the SP declines when the carrier lifetime increases up to
approximately 150ps and then increases slowly with the further increasing of the carrier
lifetime. On the other hand, the input light intensity I in −SP for the cut-off point of the SP always
goes down with the increasing of carrier lifetime. Obviously there exists a critical carrier
lifetime (about 260 ps) beyond which the output light cannot oscillates by all means. As shown
in Fig. 4, since the modulation depth of the SP near I in −SP is fairly small, it is hard to observe
prominent SP phenomenon near the critical carrier lifetime value.

Fig. 6. Threshold value of the input light intensity for BS and SP versus carrier lifetime. SP has
a cut-off carrier lifetime of about 260ps, while BS has a more wider carrier lifetime range.

From Fig. 6 we can find the influence of carrier lifetime on BS as well. The input light
intensity required for BS always declines as increasing the carrier lifetime. In general, the
carrier lifetime in the silicon MRR is several ns or even larger. This may be the main reason
many research groups up to now have successfully observed BS but seldom observe SP
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phenomenon, which needs much shorter carrier lifetime and much higher input light intensity.
However, some research groups have demonstrated experimentally that the carrier lifetime can
be reduced to tens or hundreds of picoseconds by adding a reverse biased p-i-n electrodes on
both sides of the MRR waveguide structure to deplete free carriers, or implanting ions in the
center of waveguide as the killer of free carriers [29–31]. This method could be employed to
demonstrate SP in silicon MRR.
As illustrated in Fig. 7, in general, the BS and SP mainly occur in the wavelength region
where the input light wavelength having a negative detuning with respect to the critical
coupling wavelength of the MRR. This is because the TPA and FCD effects always blue-shift
the critical coupling wavelength of the MRR. However, there exists an interesting exception,
which is not intuitional and difficult to explain at present, that SP can also occur when the input
light wavelength has a positive detuning, as well as much higher input light intensity and
relative shorter carrier lifetime. In fact, the wavelength limit (or cut-off wavelength) and input
light intensity regions for SP have a nonnegligible dependence on the carrier lifetime, namely,
the region will become narrower with the increase of the carrier lifetime. On the contrary, for
BS, the carrier lifetime contributes less to the cut-off wavelength and the input light intensity
range.

Fig. 7. Threshold input light intensity regions of BS and SP versus input wavelength detuning
and different carrier lifetimes 100ps (red lines), 150ps (blue lines) and 200ps (green lines),
respectively. Solid curves are SP threshold lines, whereas dashed and dashed-dot curves refer to
BS threshold lines.

At steady state, the output optical spectra with different input light intensities (all below the
input light intensity threshold for the onset of SP I in +SP ) are shown in Fig. 8. As the input light
intensity is lower than 5 × 104W/cm2, the optical spectrum shows a minimum output light
intensity at the linear resonant wavelength of the MRR. With the increasing of the input light
intensity, the resonant wavelength is blue-shifted, and the extinction ratio decreases as well.
Furthermore, the spectrum is not symmetric any more. As the input light intensity is larger than
5 × 105W/cm2, BS will occur, as shown by the dash-dot lines in the figure. Due to BS, the
output light intensity has two stable values, depending on the initial MRR intra-cavity energy.
The output versus input light intensity curve is also plotted in the inset of Fig. 8, which agrees
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quite well with the black curves when the input light intensity is 1 × 106W/cm2 and the
wavelength detuning is −0.03nm.
As shown in Fig. 7, when the input light intensity is in the region between I in +SP and I in +BS ,
the state of the output light (stable or oscillating) is determined by the initial energy state in the
MRR. In order to describe the SP phenomenon in wavelength domain, the instantaneous
optical spectrum is plotted as shown in Fig. 9, where different colors represent different time
points of one SP oscillating circle. When the initial light energy in the ring is too small, an input
light intensity Iin as large as 3 × 106W/cm2 ( I in +SP < I in < I in +BS ) cannot switch the MRR
intra-cavity energy E onto the upper energy branch. As a result, the energy E is stable and the
output light is still a stable CW. This is shown in Fig. 9(a) where the blue-shift of the input
wavelength is larger than 0.0463nm (∆λ<-0.0463nm). The cut-off wavelength detuning points
of the SP in Fig. 9(a) agree well with the intersection points of the black line and the red lines in
Fig. 7, i.e. the point (−0.01nm, 3 × 106W/cm2) and point (−0.0463nm, 3 × 106W/cm2) which are
indicated by red arrows. Note that only the first and second intersection points from right to left
are the correct ones due to the initial state (a, n) = (0, 0). If the initial energy in the MRR is not
zero, just as the case that a high-power narrow laser pulse is used to stimulate the MRR energy
+
to be larger than ESP
(i.e., the initial state (a, n) = (1, 1.5)), the same input light intensity Iin will
switch the MRR energy onto the SP state, and the output light intensity will oscillate as well.
As shown in Fig. 9(b), the output light keeps oscillating in the wavelength detuning range of
(−0.076nm, −0.01nm). The cut-off wavelength detuning points of the SP in Fig. 9(b) agree well
with the first and third intersection points of the black line and the red lines in Fig. 7, i.e. the
point (−0.01nm, 3 × 106W/cm2) and point (−0.076nm, 3 × 106W/cm2) which are indicated by
red arrows.
It is worth noting that in Fig. 9(a), when the input light wavelength is close to the cut-off
blue-shifted wavelength detuning value −0.0463nm, an extremely small change of the input
wavelength will generate a large change of the output intensity. Since in reality a laser with
infinite narrow linewidth does not exist, any small random perturbation on the laser’s
wavelength will arise irregular oscillations which shows a non-periodic nature in the time
domain – a typical behavior of the chaotic state. Therefore, we predict that the output light state
of the nonlinear MRR undergoes a chaos state when the nonlinear MRR transits from BS to SP.
Figure 10 illustrates the relationship between input light intensity for SP and BS and
waveguide linear loss. The input light wavelength is detuned from the central resonant
wavelength peak of the MRR to the short wavelength end by 3dB. When the linear loss is
larger than 1.8cm−1, SP will disappear but not for BS, regardless how high the input light
intensity is. However, with the increase of the linear loss, the Q factor will decrease and the
3dB bandwidth will increase as well. As a result, the required input light intensity for BS must
be increased to ensure the enough refractive index change.
Finally, through simulation we also find that when enlarging the radius of the ring, SP onset
input light intensity I in +SP increases linearly with respect to radius. When fixing the linear loss
coefficient, the total loss of a larger ring is higher than that of a smaller one. Therefore the
critical coupling coefficient between the ring and the input/output waveguide for the larger ring
should be enlarged. It is known that the total energy enhancing factor of a MRR is reversely
proportional to its power coupling coefficient. Only by increasing the input light intensity, can
the energy in a larger ring be guaranteed to be equal to that in a smaller one. This is the reason
why a larger MRR needs more input light intensity to stimulate the SP.
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Fig. 8. Optical spectra of the output light for different input light intensities. This picture
illustrates the relationship between the relative output intensity (the output light intensity
divided by the input light intensity in dB) and the input wavelength detuning in different input
light intensities. Inset: Output light intensity versus input light intensity when omitting SP.
When the input light is 1 × 106W/cm2 and the wavelength detuning is −0.03nm, there are two
output states shown in this figure, which fits well with the black curves. Note that the carrier
lifetime in this case is 100 ps.

Fig. 9. Optical spectra at different time points (plotted in different colors). These time points are
sampled evenly within one SP oscillating circle. (a): the normalized dimensionless energy and
carrier density in the MRR at initial state are both 0. (b): the normalized dimensionless energy
and carrier density in the MRR at initial state are 1 and 1.5, respectively. This figure is obtained
by calculating the output intensity at the fixed time of each wavelength detuning. In (a), there
are four fixed time points from 22.4 ns to 22.55 ns. In (b), there are nine points from 22.4 ns to
22.625 ns with 0.025 ns time interval. The waveguide dispersion and material dispersion are
omitted due to the narrow wavelength detuning.
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Fig. 10. Input light intensity regions for BS ( I in BS , I in BS ) and SP ( I in SP , I in SP ) versus the
linear loss of the MRR. The input light wavelength detuning is chosen to be –∆3dB. The carrier
lifetime is fixed at 100ps.

4. Conclusions
We have established the normalized dimensionless nonlinear equation and the carrier density
equation based on both the Kerr and the TPA nonlinear optical effects (the FCA and FCD
effects induced by the TPA are also included) which describe the complicated dynamics of a
silicon MRR and studied the BS and SP phenomena in the MRR. By using stable analysis
method for differential equations, input light intensity ranges for the BS and the SP have been
given. Some of the important conclusions are summarized as follows.
Although the coefficient of the Kerr effect is much smaller than that of the TPA and FCD, it
also plays an important role on SP, especially on controlling the operation range of SP.
SP phenomenon can be observed when the input light intensity is about 3 × 106 W/cm2
(corresponding to the input power of approximate 7.6 mW) with the carrier lifetime ranging
from 70ps to 250ps. It should be pointed out that the initial energy in the MRR affects the final
output light intensity: in some region of parameters, one input state may result in two different
output states: stable and oscillating. This is quite different from the BS situation where one
input state corresponds to two stable output states;
SP frequency shows a linear dependence on the input light intensity in logarithmic
coordinates, which can be adjusted from several GHz to higher than tens of GHz;
The modulation depth of SP is changed with the input light intensity. The optimal input
light intensity for the largest modulation depth locates near the onset threshold value of the SP;
The cut-off input wavelength detuning value of BS has little relationship with the carrier
lifetime, whereas the cut-off value of SP changes largely with the carrier lifetime;
With the initial energy state of the MRR being zero, the SP has an extremely sensitive
relationship with the blue-shifted detuning of the input wavelength, especially near the cut-off
wavelength detuning, and in time domain the output light would enter a chaotic state;
In order to observe the SP with low input light intensity, the linear loss of the MRR should
be as low as possible and the radius of the MRR should be as small as possible.
For the silicon MRR, the required input light intensity for SP is in the range of
106-108W/cm2, which is well below the optical damage threshold value of 1-4GW/cm2 for
silicon materials [32]. However, in order to avoid heat accumulation in the MRR, the input
light duration should not be too long, for example less than 0.1 µs. Of course, the method
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employed in this paper for analyzing the BS and the SP of nonlinear silicon MRRs can also be
applied to other materials based MRRs, such as GaAs and InP.
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