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Abstract: We develop a comprehensive theory of the nonlinear propagation of optical pulses through silica waveguides doped with highly nonlinear
silicon nanocrystals. Our theory describes the dynamics of arbitrarily polarized pump and Stokes fields by a system of four generalized nonlinear
Schrödinger equations for the slowly varying field amplitudes, coupled
to the rate equation for the number density of free carriers. In deriving
these equations, we use an analytic expression for the third-order effective
susceptibility of the waveguide with randomly oriented nanocrystals, which
takes into account both the weakening of the nonlinear optical response
of silicon nanocrystals due to their embedment in fused silica and the
change in the tensor properties of the response due to the modification of
light interaction with electrons and phonons inside the silicon-nanocrystal
waveguide. In order to facilitate the use of our theory by experimentalists,
and for reasons of methodology, we provide a great deal of detail on the
mathematical treatment throughout the paper, even though the derivation
of the coupled-amplitude equations is quite straightforward. The developed
theory can be applied for the solving of a wide variety of specific problems
that require modeling of nonlinear optical phenomena in silicon-nanocrystal
waveguides.
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1.

Introduction

In a lapse of two decades, the concept of silicon photonics proposed by Richard Soref [1] in
the mid 1980s has culminated in the realization of high-performance passive and active microscale optical devices [2–7]. One of the main advantages offered by such devices is their
low fabrication cost and the possibility to integrate them with standard microelectronics components using the mature complementary semiconductor–metal–oxide (CMOS) technology [8].
Another merit is the tight optical confinement, which significantly enhances the efficiency of all
nonlinear optical processes, and the small linear absorption in silicon at infrared wavelengths.
Being optically dense and strongly nonlinear material, silicon is ideal for the integration of
the five key elements enabling optical information processing: waveguides [9–11], modulators [12–15], amplifiers [16–22], lasers [23–26], and detectors [27]. The functionalities of the
nonlinear silicon elements are made possible by the ultrafast Kerr effect and stimulated Raman
scattering—stemming from the third-order optical nonlinearity—and the fifth-order free-carrier
and thermo-optic effects [28–35].
The optical functionalities realized with bulk silicon can be also achieved with lowdimensional silicon in the form of spherical nanocrystals (NCs) embedded in a SiO 2 matrix [36–40]. Indeed, since the refractive index of the Si-NCs/SiO 2 composite may be anywhere between 1.45 and 2.2 depending on the excess of silicon, this composite can confine and
guide light better than the pure silica fibers do [41, 42]. More importantly, the nonlinear effects
associated with the third-order electron and phonon nonlinearities are significantly enhanced
in Si NCs as compared to bulk silicon. Recent measurements have shown that the nonlinear
Kerr coefficient and Raman gain of the Si-NCs/SiO2 composite may exceed those of silicon
by factors of 100 and 10 000 [37, 43, 44], respectively, even when the volume fraction of the
NCs does not exceed 10%. Because of an indirect bandgap, neither bulk nor low-dimensional
silicon can naturally emit light in the telecommunication band. However, by simply coupling
Si NCs to Er3+ ions doping the SiO2 matrix, one can realize the desired emission from the
NCs and thus create from them a promising material for light emitting devices [39, 45, 46]. All
these features allow us to expect that the Si-NCs/SiO2 composite will eventually replace the
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silicon-on-insulator (SOI) technology in creating the key elements of silicon photonics.
In contrast to a large number of experimental studies of the Si-NCs/SiO2 composite over the
past years [12, 37, 38, 43, 47–50], there have been only a few theoretical works centered at the
nonlinear propagation through this material [36, 41, 42, 51, 52]. The imbalance between theory
and experiment is especially striking in light of the advanced numerical and analytical models of the nonlinear light–matter interaction developed for silicon [3, 4, 53], and the numerous
theoretical studies of the nonlinear optical phenomena in SOI waveguides [54–62]. The reason
behind this disproportion is the absence of the unified theoretical platform for modeling nonlinear optical propagation through the Si-NCs/SiO2 composite. The demand for such a platform
is even higher than it was for silicon, as it is extremely computationally challenging to solve
Maxwell’s equations for a macroscopic sample of the composite with hundreds of thousands of
tiny NCs treated individually.
In this paper, we present the first theory of nonlinear pulse propagation through a Si-NCdoped silica waveguide. Our theory assumes arbitrary orientation of the NCs in space and
describes this situation using an effective third-order susceptibility of the Si-NCs/SiO 2 composite [36]. The paper is organized as follows. In Section 2, we derive a system of coupled
nonlinear equations for the slowly varying amplitudes of the pump and Stokes pulses inside
a nonlinear waveguide. The system shows that the source of the space and time evolution of
the amplitudes is the waveguide’s nonlinear material polarization. Section 3 is therefore devoted to the calculation of the electronic, Raman, and free-carrier contributions to the nonlinear
polarization induced by the pump and Stokes fields inside the Si-NCs/SiO 2 composite. The
free-carrier contribution depends on the generation rate of electron–hole pairs inside the NCs
due to the effect of two-photon absorption, whose efficiency is governed by field intensity and
thus depends on the effective mode area (EMA) of the waveguide. The ambiguity in defining
EMA is emphasized in Section 4, where we provide two alternative definitions of EMA and
explain the often ignored difference between them. The results of Sections 2–4 are merged in
Section 5 to give the desired coupled amplitude equations governing the nonlinear propagation
of the two pulses. These equations are then simplified for the case of continuous waves, before
Section 6 summarizes our results and concludes the paper.
2.

Nonlinear propagation equations

The general equations governing propagation of optical field through a nonlinear waveguide
may be derived by treating the nonlinear material polarization as a small perturbation coupling otherwise independent propagating modes of the same waveguide operating in the linear
regime. Let us consider the propagation of narrowband pump (µ = p) and Stokes (µ = s)
pulses, whose spectra are centered around frequencies ω p and ωs . In this case, the unperturbed
propagating modes of the linear waveguide are the solutions to Maxwell’s equations for the
pump and Stokes fields
(0)

and

(0)

e µ (r, ω ) = iω µ0 H
e µ (r, ω )
∇×E

(1a)

(0)

(1b)

(0)

e µ (r, ω ) = −iωε0 εL (r⊥ , ω )E
e µ (r, ω ),
∇×H

where εL (r⊥ , ω ) is the transverse profile of linear permittivity and r⊥ is the two-dimensional
radius vector perpendicular to the waveguide axis z.
The solution to Maxwell’s equations for the perturbed fields can be expanded over the complete set of propagating modes e µν (r⊥ , ωµ ) eiβµν z and hµν (r⊥ , ωµ ) eiβµν z satisfying Eq. (1) as
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(r⊥ , ωµ ) iβµν z
e µ (r, ω ) = ∑ aeµν (z, ω − ωµ ) eµνp
E
e
Nµν
ν

and

(r⊥ , ωµ ) iβµν z
e µ (r, ω ) = ∑ aeµν (z, ω − ωµ ) hµνp
H
e
,
Nµν
ν

(2a)

(2b)

where βµν ≡ βν (ωµ ) is the real propagation constant of mode ν evaluated at the carrier frequency ωµ of field µ and we assume the modal profiles e µν and hµν to be normalized according
to the condition
ZZ

(e∗µν × hµν 0 + c.c.) dr⊥ = δνν 0

ZZ

(e∗µν × hµν + c.c.) dr⊥ = 4Nµν ,

(3)

where the integration is taken over the entire area of the xy plane and the constants N µν are
implicitly defined. With this normalization, one finds that the total power carried by field µ is
given by
Pµ =

1
2

ZZ


eµ × H
e ∗µ dr⊥ = ∑ |e
Re E
aµν |2 .
ν

(4)

As in Eq. (3), the double integral here is evaluated over the entire transverse plane.
e NL
If P
µ (r, ω ) is the sum of material polarizations stemming from all types of nonlinearities in
e µ and H
e µ must obey the equations
the waveguide, then the perturbed fields E
and

e µ (r, ω ) = iω µ0 H
e µ (r, ω )
∇×E

(5a)

e µ (r, ω ) = −iωε0 εL (r⊥ , ω )E
e µ (r, ω ) − iω P
e NL
∇×H
µ (r, ω ).

(5b)

The perturbed and unperturbed fields are also interrelated through the reciprocity theorem [3,
59, 63]
ZZ 
ZZ 


∂
e (0)
e ∗ e ∗ e (0) dr⊥ =
e (0)
e ∗ e ∗ e (0) dr⊥ .
E
∇ E
(6)
µ × Hµ + Eµ × Hµ
µ × Hµ + Eµ × Hµ
∂z

Using the vector identity ∇ · (f × g) = g · (∇ × f) − f · (∇ × g), together with Eqs. (1) and (5),
it is possible to express the gradient in Eq. (6) by means of the scalar product




e (0)
e ∗ e ∗ e (0) = −iω E
e (0)
e NL∗ .
∇ E
(7)
µ × Hµ + Eµ × Hµ
µ · Pµ
By introducing this expression into Eq. (6), substituting in the resulting relation both the unperturbed solutions
eµν (r⊥ , ωµ ) iβν (ω )z
e (0)
p
E
e
µ =
Nµν

hµν (r⊥ , ωµ ) iβν (ω )z
e (0)
p
and H
e
µ =
Nµν

(8)

and the perturbed ones given in Eq. (2), we find using Eq. (3) that
o
∂ n
aeµν (z, ω − ωµ ) ei[βν (ωµ )−βν (ω )] z
∂z

iω
= p
4 Nµν
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e NL
e∗µν (r⊥ , ωµ ) · P
dr⊥ . (9)
µ (r, ω ) e
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The evaluation of the derivative in this equation gives
∞
1 ∂ βν
∂
+i ∑
n!
∂z
∂ω
n=1

ωµ

!

(ω − ωµ )n aeµν (z, ω − ωµ )
iω
= p
4 Nµν

ZZ

−iβν (ωµ ) z
e NL
dr⊥ . (10)
e∗µν (r⊥ , ωµ ) · P
µ (r, ω ) e

By multiplying both sides of Eq. (10) by e−i(ω −ωµ )t and integrating with respect to ω , we
arrive at the following time-domain equation:
∞ n+1
∂
∂ βν
i
+∑
∂ z n=1 n! ∂ ω

∂n
n
ωµ ∂ t

!

aµν (z,t)
e−iβµν z
=− p
4 Nµν

in which we have set
1
aµν (z,t) =
2π

Z+∞

−∞

aeµν (z, ω ) e

−iω t

dω

and

ZZ

e∗µν (r⊥ , ωµ )

PNL
µ (r,t)

1
=
2π

∂ PNL
µ (r,t) iωµ t
e
dr⊥ , (11)
∂t

Z+∞

−∞

−iω t
eNL
P
dω .
µ (r, ω ) e

(12)

If we now represent the polarization vector as a product of the slowly varying amplitude and
NL
−iωµ t , then Eq. (11) acquires the form
the rapidly oscillating exponential, PNL
µ (r,t) = Pωµ (r,t) e
(n)

n
∞ in+1 β
∂ aµν
iω µ
µν ∂ a µν
+∑
= p
n
n!
∂z
∂t
4 Nµν
n=1



i ∂
1+
ωµ ∂ t



e−iβµν z

ZZ 


e∗µν · PNL
ωµ dr⊥ ,

(13)

(n)

where βµν = ∂ βν /∂ ω |ω =ωµ is the nth-order dispersion parameter at the frequency ω µ . The
term with the time derivative on the right-hand side of this equation accounts for the effect of
self steepening, which is significant for ultrashort optical pulses [64].
Equation (13) shows that the variation of the amplitudes a µν of pump and Stokes fields is
due to the nonlinear material polarization of Si-NCs/SiO2 waveguide. This equation is similar
to those derived in Refs. [59, 63, 65].
In this paper, we shall calculate the nonlinear polarization of the Si-NCs/SiO2 waveguide under the frame of the effective medium theory [47, 66, 67]. According to this theory, the effective permittivity of the Si-NCs/SiO2 composite is related
to the permittivity
ε1


of silicon and the permittivity ε2 of silica as [68] εeff = (1/4) u + (u2 + 8ε1 ε2 )1/2 , where
u = (3 f − 1)ε1 + (2 − 3 f )ε2 and f is the volume fraction of Si NCs in the composite. The
(n)
dispersion of εeff needs to be taken into account when one calculates the parameters β µν , but
may generally be ignored in the cases where εeff explicitly appears in the coupled amplitude
equations. Specifically, for narrowband pump and Stokes pulses in the 1.55-µ m spectral region,
the effective permittivity of the Si-NCs/SiO2 composite may be calculated by taking ε1 ≈ 12.1
and ε2 ≈ 2.1. An allowance for the size dependency of the NCs’ permittivity can be made using
ε1 extracted from the spectroscopic ellipsometry data presented in Ref. [48].
3.

Nonlinear polarization of Si-NCs/SiO2 waveguide

The nonlinear material polarization of the Si-NCs/SiO2 waveguide may originate from the nonlinearities of both silicon crystallites and silica matrix. Since the nonlinear effects in Si NCs are
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typically much stronger than those in SiO2 , one may safely neglect the third-order susceptibility of silica, provided the volume fraction of the NCs is larger than 0.1% [36]. With this
simplification, the total material polarization is a sum of three terms [3, 4, 53, 69]
NL
R
FC
Pω
(r,t) = PK
ωµ (r,t) + Pωµ (r,t) + Pωµ (r,t),
µ

(14)

which represent the electronic (Kerr), Raman, and free-carrier contributions.
The electronic polarization stems from the nonlinear interaction of an optical field with electronic clouds of silicon atoms and leads to an almost instantaneous (with a response time less
than 100 fs) change in the refractive index of Si NCs (Kerr effect), as well as to the two-photon
absorption (TPA) [12]. The Raman polarization allows for the interaction of light with optical
phonons and is responsible for the stimulated Raman scattering (SRS) and lasing [17–19, 26].
Free electrons and holes generated inside the NCs via TPA also change the refractive index of
the NCs, which is usually referred to as the effect of free-carrier dispersion (FCD), and result
in the free-carrier absorption (FCA) of the pump and Stokes fields [19, 29]. The effects of FCD
and FCA are included in the last polarization term in Eq. (14).
Consider the three types of polarization contributions separately, while assuming that the
mean NC size is large enough for the quantum confinement to not increase the bandgap of
silicon significantly.
3.1. Electronic contribution
The Kerr polarization induced in the Si-NCs/SiO2 waveguide with randomly oriented nanocrystals is given by the tensor product
∗
PK
ωµ (r,t) = ε0 χK (ω µ ; ω µ , −ω µ , ω µ ) Eωµ (r,t)Eωµ (r,t)Eωµ (r,t),
(3)

(15)

where Eωµ (r,t) is the slowly varying amplitude of the electric field, which may be calculated
by Fourier-transforming Eq. (2), and the third-order susceptibility tensor is of the form [36]


8 + 7ρ
1−ρ
(3)
(δkl δmn + δkm δln + δkn δlm ) +
χK (ωµ ; ωµ , −ωµ , ωµ ) = χµ
δkl δlm δmn , (16)
45
9
where {k, l, m} = {x, y, z}, δi j is the Kronecker delta, and ρ is the nonlinear anisotropy factor
(ρ ≈ 1.27 near the 1.55 µ m wavelength). Owing to a uniform distribution of Si-NC orientations
in space, the Kerr tensor of the Si-NCs/SiO2 composite is no longer described with respect to the
crystallographic basis, but rather is given in the reference frame associated with the nonlinear
waveguide.
The strength of the electronic nonlinearity is determined by the complex parameter [4,56,69]


χµ = cε0 εeff n2 + iβTPA /(2kµ ) ξ ,
(17)

where n2 and βTPA are the nonlinear Kerr parameter and TPA coefficient of a Si NC, k µ = ωµ /c,
and


1 ∂ εeff 2 [(3 f − 1) εeff + ε2 ]2
ξ=
=
(18)
f ∂ ε1
f (u2 + 8ε1 ε2 )

is the third-order susceptibility attenuation factor [36].
Both the Kerr parameter and the TPA coefficient at 1.55 µ m are enhanced in Si NCs when
compared to bulk silicon. The Kerr parameter may be enhanced in the Si-NCs/SiO 2 composite
by as much as two orders of magnitude and lie in the range (2 ± 1) × 10 −12 cm2 /W [37,38,44],
while the reported spread of the TPA coefficient is larger and ranges 5 to 170 cm/GW [37,
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42, 44, 70]. The values of βTPA and n2 depend on the doping of Si NCs [44] and may vary
with powers and repetition rates of optical pulses, due to the band-filling-induced saturation
of the nonlinear absorption [71]. In borrowing these parameters from the experimental papers,
it is important to distinguish between their values related to a single Si NC and the entire
composite. For example, Spano et al. [71] found the intensity-dependent TPA coefficient of the
(c)
(0)
Si-NCs/SiO2 composite with f = 8% to be given by the expression βTPA = βTPA /[1 + (I/Is)2 ],
(0)
where βTPA = (7.0 ± 0.6) cm/GW and Is = 4070 GW/cm2 . The TPA coefficient of a single NC
(c)

in this case may be estimated as βTPA = βTPA /ξ .
The electronic contribution to the nonlinear material polarization can be written entirely in
vector form as
"
#
 1−ρ
8 + 7ρ 
2
2
∗
2 ∗
K
2|Eωµ | Eωµ + Eωµ Eωµ +
Eη Eη η̂ ,
Pω µ = ε 0 χ µ
(19)
45
9 ∑
η

where Eη is the η th component of the vector Eωµ and η̂ is the unit vector in the direction of
the η th Cartesian axis.
In the rest of the paper, we shall restrict ourselves to the special case of only two unperturbed
transverse modes (e µ x and eµ y ) in the expansion of Eq. (2), assuming them to be polarized along
the x and y axes. In this case, the orthogonality relations (e µν ·eµν 0 ) = e2µν δνν 0 and (eµν ·e∗µν 0 ) =
|eµν |2 δνν 0 , the expansion
Eω µ =
and Eq. (19) enable one to obtain
e−iβµν z
p
Nµν

ZZ 

eµν iβµν z
aµν p
e
,
Nµν
ν =x,y

∑

(20)


e∗µν · PK
ωµ dr⊥

= ε0 χ µ





8 + 7ρ
(µ )
(µ )
2aµν ∑ Γνν 0 |aµν 0 |2 + a∗µν ∑ a2µν 0 Λνν 0 e2i(βµν 0 −βµν )z
45
ν0
ν0


1 − ρ (µ )
2
Γνν aµν |aµν | , (21)
+
9

where
(µ )
Γνν 0

1
=
Nµν Nµν 0

ZZ

|eµν |2 |eµν 0 |2 dr⊥

(22a)

and
(µ )

Λνν 0 =

1
Nµν Nµν 0

ZZ

2
e∗2
µν e µν 0 dr⊥ .

(22b)

It is easy to prove using Maxwell’s equations that (h µν )⊥ = (βµν /µ0 ωµ ) ẑ × eµν for the
transverse electric modes, so that the normalization condition yields
Nµν =
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βµν
2 µ0 ω µ

ZZ

|eµν |2 dr⊥ .

(23)
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3.2. Raman contribution
The Raman polarization of the Si-NCs/SiO2 waveguide with randomly oriented nanocrystals
can be represented as
R
Pω
(r,t) = eiωµ t
µ

Z t

Z t

Z t

(3)

dt1
dt2
dt3 ε0 χR (t − t1 ,t − t2 ,t − t3 )
−∞
−∞
−∞

× Eωµ 0 (r,t1 )E∗ωµ 0 (r,t2 )Eωµ (r,t3 ) e−i(ωµ 0 t1 −ωµ 0 t2 +ωµ t3 )
+ Eωµ (r,t1 )E∗ωµ 0 (r,t2 )Eωµ 0 (r,t3 ) e−i(ωµ t1 −ωµ 0 t2 +ωµ 0 t3 )



, (24)

where {µ , µ 0 } = {p, s}, µ 6= µ 0 , and the effective susceptibility tensor is given by the expressions [3, 4, 36, 69]
(3)

1
[δ (t1 − t2 )δ (t3 )Rklmn + δ (t1 )δ (t2 − t3)Rknml ] ξ H(t2 ),
2
29
2
16
(δkm δln + δkn δlm ) − δkl δmn − δkl δlm δmn ,
Rklmn =
45
45
9

χR (t1 ,t2 ,t3 ) =

(25a)
(25b)

and
H(t) = 2χR

ΓR Ω R
−t/τ2
sin(t/τ1 ),
1/2 e
2
ΩR − Γ2R

(25c)

where χR is the peak value of the Raman susceptibility of an individual Si NC, 2Γ R = 2/τ2 is
the amplification bandwidth, and 1/τ1 = (Ω2R − Γ2R )1/2 ≈ ΩR is the Stokes shift.
Recent experiments on SRS in the Si-NCs/SiO2 composite have shown [43] that the Raman
gain of the composite may be 10 000 times larger than that of bulk silicon (∼ 10 −17 m2 /V2 ) [3].
Since the third-order susceptibility of Si NCs is attenuated by the factor ξ in the composite, this
gives us an estimate ξ χR ∼ 10−13 m2 /V2 . The peak position and bandwidth of gain spectrum
in Si NCs also change significantly with respect to their values 2Γ R ≈ 105 GHz and ΩR =
15.6 THz in bulk silicon. In particular, for spherical NCs of 2 nm in diameter, the gain peak
broadens up to 2 THz and red shifts by about 0.6 THz [72,73]. The downshift and broadening of
the Raman spectrum with the change in size of Si NCs can be calculated numerically using the
phenomenological theory of Richter et al. [74], developed by Campbell and Fauchet [73, 75].
The origin of giant Raman gain in Si NCs is currently unclear and warrants further investigation. One possible reason behind this effect may be the resonant field enhancement inside the
nanocrystals caused by the interaction of light with optical phonons and the formation of the localized phonon-polariton modes [76,77]. The enhancement occurs within the reststrahlen band
of phonon-polariton dispersion and is analogous to the plasmon-induced field enhancement in
the vicinity of metallic nanoparticles.
By introducing Eq. (25a) into Eq. (24) and evaluating the integrals, we find that
PRωµ (r,t) = ε0 ξ

Z t

−∞

dt1 H(t − t1 )Rklmn Eωµ (r,t1 )E∗ωµ 0 (r,t1 )Eωµ 0 (r,t) ei(ωµ −ωµ 0 )(t−t1 ) .

(26)

In deriving this expression, we have omitted the nonresonant terms in Eq. (24) and taken into
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account that the remaining two terms are equal. Now using Eqs. (20) and (25b), we get
ZZ 

e−iβµν z
p
e∗µν · PRωµ dr⊥
ε0 ξ Nµν
Z t


29
µ µ0
µν 0 µ 0 ν 0
0
0
Λνν 0 exp iβµν µ 0 ν z aµ ν (t)
=
a∗µ 0 ν (t1 )aµν 0 (t1 )H(t − t1 ) eiωµµ 0 (t−t1 ) dt1
45 ∑
−∞
ν0
Z t


0
0
0
29
µµ
µν µ ν
a∗µ 0 ν 0 (t1 )aµν 0 (t1 )H(t − t1 ) eiωµµ 0 (t−t1 ) dt1
+ ∑ Ψνν 0 exp iβµν µ 0 ν 0 z aµ 0 ν (t)
45 ν 0
−∞

−

16
µ µ0
Γνν 0 aµ 0 ν 0 (t)
∑
45 ν 0

Z t

−∞

a∗µ 0 ν 0 (t1 )aµν (t1 )H(t − t1 ) eiωµµ 0 (t−t1 ) dt1

2 µ µ0
− Λνν aµ 0 ν (t)
9

Z t

−∞

a∗µ 0 ν (t1 )aµν (t1 )H(t − t1 ) eiωµµ 0 (t−t1 ) dt1 , (27)

µν 0 µ 0 ν 0

where µ 6= µ 0 , βµν µ 0 ν = βµν 0 + βµ 0ν 0 − βµν − βµ 0ν , ωµ µ 0 = ωµ − ωµ 0 ,
µ µ0

Λνν 0 =
µ µ0

Ψνν 0 =

ZZ (e∗ e∗ )(e 0 e 0 0 )
µν µ ν
µν µ 0 ν

ZZ (e∗ e 0 )(e 0 e∗ )
µν µ 0 ν 0
µν µ ν

and
µ µ0

Γνν 0 =

p
dr⊥ ,
Nµν Nµ 0 ν Nµν 0 Nµ 0 ν 0

p
dr⊥ ,
Nµν Nµ 0 ν Nµν 0 Nµ 0 ν 0

1
Nµν Nµ 0 ν 0

ZZ

|eµν |2 |eµ 0 ν 0 |2 dr⊥ .

(28a)
(28b)

(28c)

3.3. Free-carrier effects
The last contribution to the nonlinear polarization, stemming from free-carrier effects, may be
written as follows:


FC
(r,t) = 2ζ ε0 neff ∆nFC + ic/(2ωµ )∆αFC Eωµ (r,t),
(29)
Pω
µ

where

∂ neff
=
∂ n1



ε1
εeff

1/2

(3 f − 1)εeff + ε2
p
(30)
u2 + 8ε1 ε2
√
√
is the linear susceptibility attenuation factor, neff = εeff , and n1 = ε1 . The amounts of
changes to the refractive index and absorption coefficient of Si NCs are related to the number density N of the TPA-generated electron–hole pairs as [4, 56]

∆nFC = −σn (ω0 /ωµ )2 1 + ς N 0.2 N 0.8 and ∆αFC = σα (ω0 /ωµ )2 N,
(31)

ζ=

where σn = 1.35 × 10−22 m2.4 , ς = 6.53 × 10−6 m0.6 , σα = 14.5 × 10−21 m2 , and ω0 =
2π c/(1.55 µ m).
With the above form of the nonlinear polarization, one finds that
e−iβµν z
p
Nµν

ZZ 

#181788 - $15.00 USD
(C) 2013 OSA




e∗µν · PFC
ωµ dr⊥ = 4(ζ /c)(neff /n µν ) ∆nFC + ic/(2ω µ )∆αFC a µν ,

(32)
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where the modal refractive index is defined as n µν = βµν /kµ .
The number density of electron–hole pairs entering Eq. (31) grows with light intensity and
may be calculated from the rate equation

∂ Pµ
N
∂N
1
= − −∑
,
∂t
τc µ 2h̄ωµ Aeff ∂ z

(33)

where ∂ Pµ /∂ z is the rate of mode µ power dissipation due to the TPA and τc is the effective
free-carrier lifetime. The same average effective mode area (EMA), A eff , for all modes have
been assumed in this equation for the sake of simplicity. As will be discussed below, this assumption has to be abandoned if one needs to write the propagation equations in terms of the
average field intensities inside the Si-NCs/SiO2 composite.
By assuming continuous pump and Stokes waves and neglecting the time derivatives in
Eq. (13), it may be readily shown using Eq. (21) that


∂ a∗µν
∂ aµν
∂ Pµ
= ∑ aµν
+ a∗µν
∂z
∂z
∂z
ν
1
= − ξ c2 ε02 εeff βTPA ∑
4
ν

!
8 + 7ρ
13 + 2ρ (µ )
(µ )
2
2
4
Γνν |aµν | . (34)
2Γνν 0 |aµν | |aµν 0 | +
45 ∑
45
ν0
(µ )

(µ )

In evaluating the power dissipation rate, we have taken into account that Λ νν = Γνν and omitted the spatially varying terms, which arise due to the waveguide birefringence (n µν 6= nµν 0 )
and do not contribute to the TPA-induced power dissipation.
4.

Effective mode area
µ µ0

µ µ0

µ µ0

2  ZZ

|eµν |4 dr⊥ .

It should be recognized that the parameters Γνν 0 , Λνν 0 , and Ψνν 0 allow one to introduce three
types of EMAs, dependent on the frequencies and polarizations of both the pump and Stokes
fields. For simplicity, we define the EMA of mode ν at ω µ in the common fashion as [4, 10, 78]
µν

Aeff =

ZZ

|eµν |2 dr⊥

(35)

Using this definition, we adopt the following definition of the average EMA:
µν 1/4

Aeff = ∏ Aeff
µ ,ν

.

(36)
µν

When using Eqs. (33), (35), and (36), one should keep in mind that the quantities |a µν |2 /Aeff
and |aµν |2 /Aeff are not modal intensities. In order to treat the nonlinear propagation in terms
of the average mode intensities inside the nonlinear composite, one needs to use a different
EMA [51],
 ZZ
ZZ
µν
Aeff = ANL
|eµν |2 dr⊥
|eµν |2 dr⊥ ,
(37)
∞

NL

in which ANL is the cross section area of the nonlinear core of the waveguide (filled with SiNCs/SiO2 composite) and the symbols NL and ∞ denote integrations over the nonlinear core
µν
and the entire transverse plane, respectively. It is easy to see that I µν = |aµν |2 /Aeff gives the
average intensity of field µ at ων , i.e., the ratio of the power carried by this field through the
waveguide core to the core area ANL .
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5.

Coupled amplitude equations

By combining Eqs. (13), (14), (21), (27), and (31)–(34), we arrive at the set of coupled equations
for the slowly varying amplitudes a µν and free-carrier density N. These equations may be
simplified by neglecting the effects of self steepening and assuming that no phase matching
occurs between the waves of different frequencies and polarizations. In this case, the coupled
amplitude equations acquire the form of the generalized nonlinear Schrödinger equation
(n)

∞ in+1 β
n
∂ aµν
αµν
µν ∂ a µν
aµν
+∑
+
n
n!
2
∂z
∂t
n=1


 8 + 7ρ (µ )
1 2 2
29 + 16ρ (µ )
2
2
2Γνν 0 |aµν 0 | +
Γνν |aµν | aµν
= − ξ c ε0 εeff βTPA − 2in2kµ
8
45
45
Z t
8iε0 ωµ
µ µ0
+
ξ Γνν
aµ 0 ν (t)
a∗µ 0 ν (t1 )aµν (t1 )H(t − t1 ) eiωµµ 0 (t−t1 ) dt1
45
−∞
Z t
4iε0 ωµ
µ µ0
−
ξ Γνν
a∗µ 0 ν 0 (t1 )aµν (t1 )H(t − t1 ) eiωµµ 0 (t−t1 ) dt1
0 a µ 0 ν 0 (t)
45
−∞
  

 σα 0.2
neff ω0 2
N
−ζ
iσn kµ 1 + ς N 0.2 +
N 0.8 aµν , (38)
nµν ωµ
2

while the rate equation becomes

∂N
N ξ c2 ε02 εeff
=− +
4Aeff
∂t
τc

βTPA
∑ 2h̄ωµ
µ ,ν




29 + 16ρ (µ )
8 + 7ρ (µ )
2
2
2Γνν 0 |aµν 0 | +
Γνν |aµν | |aµν |2 .
45
45
(39)

Here we have collected the terms with ν = ν 0 and explicitly written out the remaining terms
µ µ0
µ µ0
µ µ0
with ν 0 6= ν . We have also employed the identity Λνν = Ψνν = Γνν and phenomenologically
added the terms α µν aµν /2, which account for waveguide losses through the linear absorption
coefficients a µν .
There are several features of the derived equations that clearly distinguish them from the
analogous equations for SOI waveguides [3, 56, 59, 63, 65, 79]. First, the factors ξ and ζ entering Eqs. (38) and (39) are responsible for the weakening of the nonlinear effects of Si NCs
due to their embedment in fused silica. For small filling factors ( f . 0.01), the extent of weakening may be estimated using the approximate expressions ξ ≈ (3ε 2 )4 f /(ε1 + 2ε2 )4 ≈ 0.022 f
√
and ζ ≈ 9 f ε2 ε1 ε2 /(ε1 + 2ε2 )2 ≈ 0.36 f . We wish to iterate that the parameters βTPA , n2 ,
χR , σn , and σα are the characteristics of individual nanocrystals, whereas the products ξ β TPA ,
ξ n2 , ξ χR , ζ σn , and ζ σα characterize the Si-NCs/SiO2 composite as a whole. Second, the
strengths of self-phase modulation and TPA are reduced by about 45/(8 + 7ρ ) ≈ 2.7 times,
while the effects of cross-phase modulation and cross-TPA are enhanced by a factor of
(26 + 16ρ )/45 ≈ 1.1, as compared to their values in SOI waveguides fabricated along the [0 1̄1]
direction [3, 4, 79, 80]. Third, the second integral term on the right-hand side of Eq. (38) appears due to a modification of the interaction between the optical field and phonons inside
the Si-NCs/SiO2 composite and is completely absent in the equations governing the nonlinear
propagation through silicon. It should be also emphasized that the coupled amplitude equations
written in a coordinate basis aligned with the waveguide edges are uniform, as the information
on crystallographic directions in silicon is completely lost due to the random orientation of the
crystallites in the composite.
Equations (38) and (39) provide a sound theoretical foundation for modeling nonlinear optical phenomena in Si-NCs/SiO2 waveguides and constitute the main result of this paper.
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5.1. A continuous-wave regime
In the CW regime, when the amplitudes a µν are independent of time, the above set of equations
can be simplified even further, by evaluating the two integral terms responsible for the Raman
interaction as


4iε0 ωµ e
µ µ0
µ µ0
ξ H(ωµ µ 0 ) 2Γνν
|aµ 0 ν |2 − Γνν 0 |aµ 0 ν 0 |2 aµν ,
(40)
45

where

e ω) =
H(

Z ∞
0

H(t) eiω t dt =

2 χ R ΓR Ω R
2
ΩR + 2iΓRω − ω 2

(41)

is the Raman gain profile and χR is related to the the Raman gain coefficient gR as [4, 69]
χR = 2ε0 εeff c2 gR /ωµ .
We can also formally solve Eq. (39) and introduce its solution into Eq. (38) to get a set of
four coupled equations solely for the field amplitudes. In doing so, it is more convenient to
use an approximate relation ∆nFC ≈ −σ̄n (ω0 /ωµ )2 N, with σ̄n = 5.3 × 10−27 m3 [4] for typical
free-carrier densities in the range 1022 to 1023 m−3 [the measurements of Spano et al. [71] give
ζ σ̄n = (1.2 ± 0.3) × 10−28 m3 for f = 8%]. Some algebra shows that Eqs. (38) and (39) in this
case yield

8 + 7ρ (µ )
29 + 16ρ (µ )
2γνν 0 Iµν 0 +
γνν Iµν
45
45
  



neff ω0 2 σα
32
µ µ0
µ µ0
+ iσ̄n kµ
+ ξ geR(ωµ µ 0 ) 2γνν Iµ 0 ν − γνν 0 Iµ 0 ν 0 − ζ ξ τc
45
nµν ωµ
2


βTPA 8 + 7ρ (µ )
29 + 16ρ (µ )
2γνν 0 Iµν 0 +
γνν Iµν Iµν , (42)
×∑
45
45
µ ,ν 2h̄ω µ

∂ ln aµν αµν
= −ξ
+
2
∂z



βTPA
− in2 kµ
2

(µ )



µµ

where Iµν = |aµν |2 /Aeff , γνν 0 = γνν 0 ,
µ µ0

γνν 0 =
and

RR

Aeff |eµν |2 |eµ 0 ν 0 |2 dr⊥
n2eff
RR
RR
,
nµν nµ 0 ν 0 |eµν |2 dr⊥ |eµ 0 ν 0 |2 dr⊥
geR (ω ) =

2igR ΓR ΩR
.
Ω2R + 2iΓRω − ω 2

(43a)

(43b)

For exact resonance, ω p − ωs = ΩR , the last expression gives geR (ΩR ) = gR .
As we mentioned earlier, the quantities Iµν entering Eq. (42) do not represent modal intensities, as they are defined through the average EMA of the waveguide. One may rewrite the
propagation equations in terms of the average field intensities I µν , by simply replacing Aeff
µ0ν0

µ µ0

with Aeff in the definition of the confinement factors γνν 0 .
Although it is now possible to use the developed theory for modeling various nonlinear effects in silicon-nanocrystal waveguides, a thorough analysis of even the simplest propagation
scenario (involving one continuous wave) is rather complicated and warrants a comprehensive
discussion. We therefore intend to present such an analysis in future publications on nonlinear
optics in the Si-NCs/SiO2 waveguides.
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6.

Conclusions

We have developed a general theory of two-frequency pulse propagation through siliconnanocrystal-doped silica waveguides in the presence of the Kerr effect, stimulated Raman scattering, two-photon absorption (TPA), and the associated nonlinear optical phenomena. The
dynamics of arbitrarily polarized pump and Stokes pulses was described using the system of
four coupled nonlinear equations for the slowly varying amplitudes of the pulses, and the rate
equation for the number density of TPA-generated free carriers. The equations were derived
by assuming a uniform distribution of nanocrystal axes in space and treating the third-order
nonlinear response of the waveguide within the framework of the effective medium theory.
They allow for the modification of light interaction with electron and phonon subsystems of
silicon nanocrystals, and take into account the weakening of the nanocrystals’ nonlinear response due to their embedment in silica matrix. The mathematics in the paper was dealt with
in much detail, for methodological reasons and to facilitate the application of the developed
theory by experimentalists. Our theory may be used to study a wide variety of nonlinear phenomena in silicon-nanocrystal silica waveguides, including the polarization rotation induced in
optical pulses by self- and cross-phase modulation, Raman amplification and lasing, as well as
TPA-induced optical modulation.
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