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Abstract: An improved method is proposed to perform calibration-based
fringe projected profilometry using a two-frequency fringe pattern for the
3D shape measurements of objects with large discontinuous height steps. A
fabrication scheme for the two-frequency pattern is described as well. The
proposed method offers following major advantages: (1) only one phase
measurement needed for operation, (2) easiness for calibration, (3) robust
performance, especially for automatic phase unwrapping, and (4) more
flexible data acquisition for complex objects. This makes it possible for a
single-shot measurement of dynamic objects with discontinuities. Both
theoretical descriptions and experimental demonstrations are provided.
©2006 Optical Society of America
OCIS codes: (120.4630) Optical Inspection; (110.6880) Three-dimensional image acquisition.
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1. Introduction
Projected fringe profilometry has been one of the most popular non-scanning methods for the
3D surface profile inspection [1, 2]. It uses a fringe pattern projected to the inspected object
and then evaluates the phase of the fringe obtained from a different viewpoint to retrieve the
depth information. With proper phase-extraction schemes, such as Fourier transform method
[3,4], and phase shifting method [5-7], depth accuracy better than one part in ten thousandth
of the field of view can be achieved [8-9].
One of the current trends in the development of 3D inspection is the accurate measurement
of complex objects. However, it is a challenge to analyze surfaces with lots of discontinuities.
Phase unwrapping [10-13], the inevitable procedure to remove the phase jumps in order to
recover the absolute phase, will encounter ambiguity to distinguish the local fringe order.
Several projection methods have been developed to overcome the discontinuities. They
can be roughly divided into two categories, namely temporal projection algorithms and spatial
projection algorithms. In the temporal projection algorithms, for example, Saldner and
Huntley [14, 15] project a number of fringe patterns with slightly different frequencies to the
isolated surfaces in sequence of time. The phase at each pixel is measured as a function of
time. Unwrapping is then performed along the time axis. An alternative modification is the
use of multi-frequency interferometer [16-20]. Two or more gratings with slightly different
frequencies are temporally projected onto the inspected object. Unwrapping is retrieved from
the comparison of each phase map.
In the method of spatial projection algorithms, M. Takeda et al. [21] has presented a
method based on spatial frequency multiplexing combined with the Gushow-Solodkin phase
unwrapping algorithm. With Fourier transform method it requires only one measurement
frame to inspect discontinuous surfaces. Jie-Lin Li et al. [22] propose a phase-shifting scheme
of a two-frequency pattern in which one frequency is N times as large as the other. The low
frequency is more tolerant to physical discontinuities, whereas the higher one can refine the
result. Therefore, the high-frequency phases are unwrapped with reference to the lowfrequency phases.
In general, temporal projection algorithms provide more accurate information of
discontinuities since several frames are measured. However, the longer measurement
procedure makes it impractical for inspection of dynamic objects. It seems that spatial
projection algorithms are more efficient for the real-time performance. Unfortunately, since
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the pattern involves a couple of frequencies, the sampling density and visibility of fringes on
the recorded image is relatively low.
To maintain the advantages (i.e., one shot measurement for dynamic objects with large
height steps) and eliminate the limitations (low visibility and sampling density), in this paper,
we investigate an improvement on the above methods [21, 22] based on Fourier transform
method using a two-frequency pattern. To suit the needs of high-accuracy measurements, a
digital two-frequency pattern has been designed and fabricated based on the optical
lithography technique. The designed pattern can substantially increase the measurement
accuracy because it offers (1) high geometrical accuracy (< 0.5μm); (2) high contrast ratio;
and (3) very low high-order harmonic distortions.
2. Properties of the two-frequency fringe pattern
The two-frequency pattern is the combination of two sets of fringes with different frequencies:
one frequency is P (P=3, 4, 5 …) times larger than the other. Its transmittance is represented
as
t ( x ) = 12 + 14 cos( 2dπ x) + 14 cos( 2Pdπ x)
(1)
The two-frequency pattern is designed and fabricated based on the lithography technique.
This designed pattern with two sets of fringes is a quantatized version of its continuous
counterpart - it is discrete in both space and transmittance. The quantization scheme divides
one period of the higher-frequency sinusoid into N intervals. Shown in Fig. 1 is an example, in
which N = 16, and P = 5.

Fig. 1. Quantization scheme used for generating a digital sinusoidal grating from its continuous
counterpart.

The averaged transmittance of the nth interval is then computed as,

1 ( n +1)w
[t ( x)]dx
,
w ∫nw
π
2 n +1
π
2 n +1
1
1
1
= 2 + 4 sinc( N ) cos( N π ) + 4 sinc( PN ) cos( PN π )
is the width of the intervals, and sinc(x) ≡ sin( x) x .

t (n ) =

(2)

where w ≡ d N
The transmittance ranging from zero to full transmission is quantized into M levels as
well. Its quantized transmittance tn for the nth interval can be found as
t n = [M ⋅Mt ( n ) ] ,
(3)
where [ ] denotes rounding to the nearest integer.
To represent different quantized transmittance levels, an area-encoding scheme is adopted.
In this scheme, M cells are used as a group to represent a quantized transmittance level tn.
Different transmittance levels are implemented by setting the total number of transparent cells
to the represented level. The patterns resulted from such an encoding method for several
transmittance levels are outlined as Fig. 2.
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Fig. 2. Patterns resulted from an area-encoding scheme for representing discrete transmittance
levels.

Fig. 3. Appearance of a designed digital two-frequency pattern.

An example of the pattern which contains two sets of fringes with different frequencies
resulted from the above design procedure is shown in Fig. 3. In this pattern, the period of the
low frequency and the high frequency are 960μm and 192μm, respectively. The period of the
higher-frequency sinusoid is divided into 16 intervals along the normal direction of the fringe
lines. Its transmittance ranging from zero to full transmission is quantized into 100 levels.
Figure 4 shows the spectrum of this digital two-frequency pattern. There is no noticeable
high-order harmonics. The spectrum illustrates that of the digital pattern is fabricated with
high controlled contrast ratio, and very low harmonic distortion (third-order harmonic is less
than 0.5% after low-pass filtering by the imaging system). Thus, it allows excellent
performance even when the grating is used under a magnification factor that is slightly
different from the designated one or certain degree of misalignment between a CCD pixel and
the image of the grating.

Fig. 4. Fourier spectrum of the image of a digital two-frequency pattern.
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3. Phase-extraction for two-frequency patterns
To illustrate the basic concept of this technique, consider the designed two-frequency pattern
projected onto a tested surface. The intensity distribution with distorted fringes obtained by
the CCD sensor array can be represented as
I ( x, y ) = a (x, y ) + h (x, y ) cos ϕ h ( x, y ) + l (x, y ) cos ϕ l (x, y ) ,

(4)

where ϕh and ϕl are phases of the high frequency and the low frequency, respectively. They
can be expressed more specifically as
2π
⎧
⎪ϕh (x, y ) = d x + Δϕ (x, y ) ,
⎨
2π
Δϕ (x, y )
⎪ϕl (x, y ) =
x+
Pd
P
⎩

(5)

where Δϕ is the distorted phase caused by depth variation.
Representing the cosine function in Eq. (4) as a sum of complex exponential functions,
one can have
~
2π ⎞
⎛ 2π ⎞ ~ ∗
⎛
I (x, y ) = a (x, y ) + h ( x, y ) exp⎜ j
x ⎟ + h (x, y ) exp⎜ − j
x⎟
d ⎠
⎝ d ⎠
⎝
~
2π ⎞
⎛ 2π ⎞ ~ ∗
⎛
+ l ( x, y ) exp⎜ j
x ⎟ + l ( x, y ) exp⎜ − j
x⎟
Pd
Pd
⎝
⎝
⎠
⎠

(6)

,

where j = − 1 , and “ ∗ ” represents a complex conjugate. Complex modulation h~( x, y ) and
~
l (x, y ) are of the following form,
~
1
h (x, y ) = h(x, y ) exp[ jΔϕ (x, y )] ,
2
~
1
⎛ jΔϕ ( x, y ) ⎞ .
l ( x, y ) = l ( x, y ) exp ⎜
⎟
2
P
⎝
⎠

(7a)
(7b)

The one-dimensional Fourier transform of Eq. (6) gives

~
~
F ( f x , y ) = A( f x , y ) + H ( f x − 1 , y ) + H * ( f x + 1 , y )
d
d
~
~*
1
1
+ L( fx −
, y) + L ( f x +
, y) ,
Pd
Pd

(8)

~
~
where A( f x , y ) , H ( f x , y ) and L ( f x , y ) are complex Fourier amplitudes. The terms
~
~
H ( f x − 1 d , y ) and L ( f x − 1 Pd , y ) can be picked up by performing bandpass filtering. By
applying the inverse Fourier transform to H~ ( f x − 1 , y ) and L~ ( f x − 1 , y ) , the following
d
Pd
complex signal can be recovered,
sh (x, y ) = h(x, y ) exp⎜ j

2π ⎞
x ⎟ exp[ jΔϕ (x, y )] ,
d ⎠

(9a)

sl ( x, y ) = l (x, y ) exp⎜ j

2π ⎞
⎡ jΔϕ ( x, y ) ⎤ .
x ⎟ exp ⎢
⎥
Pd ⎠
P
⎣
⎦

(9b)

⎛
⎝

⎛
⎝

The desired phase distribution of the higher frequency from Eq. (9a) is then given by
⎧ Im[s h ( x,y )]⎫ ,
Φ h ( x, y ) = tan −1 ⎨
⎬
⎩ Re[s h (x,y )]⎭

(10a)

and the phase distribution of the lower one according to Eq. (9b) is
⎧ Im[sl (x,y )]⎫ .
Φ l ( x, y ) = tan −1 ⎨
⎬
⎩ Re[sl (x,y )]⎭
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Note that Φh and Φl are within the interval between –π and π, and need to be unwrapped
to obtain the absolute phases ϕh and ϕl. In the above phase calculation, the unwanted DC term
a(x,y) is eliminated during the filtering process and the multiplicative noise is cancelled out by
the division operation in Eq. (10a) and (10b).
In order to use this method, the spectra of the modulated signal and the DC term must be
suitably separated in the frequency domain. This can be easily achieved in the calibration by
choosing a proper grating period.
4. Phase unwrapping
The procedure of phase unwrapping is performed both to the high frequency phase Φh and the
low frequency phase Φl. It is reasonable to assume that the frequency of the lower one is low
enough that no discontinuity is larger than its equivalent wavelength. Thus, errors of phase
unwrapping for the high frequency pattern can be corrected from the absolute phase map of
the lower frequency one.
A parameter Q which plays an important role in determining the ambiguity condition is
defined as
⎡Unwrap{Φ h } − P ⋅ Unwrap{Φ l }⎤ ,
(11)
Q=⎢
⎥
2π
⎣
⎦
where Unwrap{} denotes the phase-unwrapping operator, and [ ] denotes rounding to the
nearest integer. For measurements of continuous surfaces, Q is equal to zero. Therefore, the
unwrapped phase Unwrap{Φh}at the discontinuous area can by automatically carried out if Q
is not zero. The unwanted errors can be compensated with this term Unwrap{Φh} - 2πQ.
5. System calibrations
Figure 5 shows the coordinate systems in a typical non-telecentric projected fringe profile
measurement system. A fringe pattern that lies in the XgYg plane with fringes normal to axis Xg
is projected to the tested object. World coordinate system XYZ is a fixed reference system for
representing the shape of the tested object. The CCD sensor array, which is located in the
coordinate system RC, records the distorted fringes on the object via the imaging lens. The
origin of the camera coordinate system, UVW, is the nodal point of the imaging lens, while the
origin of the projection system, XgYpZp, is the nodal point of the projection lens. Axis W and
Zp coincides with the optical axis of the imaging lens and projection lens, respectively.

Fig. 5. Coordinate systems in a non-telecentric projected fringe measurement system.

Even perspective errors or distortions from the lens system are involved, our previous
work [23] has shown that x and y can be expressed as functions of z, as given by
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⎧ x = a1 z + ao ,
(12)
⎨
y
=
b
z
+
b
1
o
⎩
where a1, ao, b1, and bo can be determined by a set of depth values and corresponding
transverse positions. The conversion between the phase and the depth information can be
determined by:
z=

∑

i

⎡ g − h ϕ ⎛ m ′ϕ + m ′ ⎞ ⎤
m1′ϕ + m0′
,
i
0
⎜ 1
⎟ ⎥
⎢ i
+
⎜
⎟
′
′
n1′ϕ + 1
n
ϕ
+
1
n
ϕ
+
1
0 ≤i ≤6 ⎢ 1
⎝
⎠ ⎥
1
⎣

(13)

⎦

where z and ϕ are the depth position and unwrapped phase, and m’1, m’0, n’1, gi, and hi are
undetermined coefficients from the optical system. The first part of Eq. (13) can be
recognized as the ideal phase-to-depth relation, while the second term originates from
distortions. For well-behaved systems, the distorted image points are very close to their ideal
counterparts.
The estimation of Eq. (13) can be represented as the polynomial
z (ϕ ) =

∑c ϕ + ∑c ϕ
n

m

i

i

i =0

i =0

−i

−i

,

(14)

where ci and c-i are coefficients of the polynomial. With a sufficient set of phase values and
corresponding depth values, the coefficients can be carried out.
6. Experiments
6.1 3D shape measurements
As an experimental example, a fan blade attached with a wedged object was selected as the
testing sample. Large step discontinuities occurred between the fan blade and the wedged
object. A monochrome sensor array with 1024 × 1024 pixels at 12-bit pixel resolution was
used to record the distorted fringes. Shown in Fig. 6 is the recorded image in which a twofrequency fringe pattern was projected on this testing object. In this pattern, one frequency
was five times larger than the other. The frequency of the lower one was low enough that no
discontinuity was larger than its equivalent wavelength.

Fig. 6. Appearance of a two-frequency fringe pattern projected to the testing object. A 12-bit
camera with 1024 × 1024 pixels was used to record the fringes.

The low-frequency phase and the high-frequency phase were evaluated by Fourier
transform method. Figures 7(a) and 7(b) shows the phase maps of the high frequency and the
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low frequency, respectively. Each figure is attached a color bar to identify the correspondence
between the phase value and the color.

(a)

(b)

Fig. 7. Phase map of (a) the higher frequency, and (b) the lower frequency. Note that the phases
were within the interval between –π and π. Phase values close to π were displayed in the bright
regions; while areas shown in dark indicated that the phases were close to –π, as shown in the
color bar.

(a)

(b)

Fig. 8. Unwrapped phase map from Fig. 7. (a) The higher frequency, and (b) the lower
frequency. Phases were mapped to the corresponding colors: the brighter one represented the
larger phase value.
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For the high-frequency pattern, it is difficult to directly distinguish the local fringe order
when discontinuity is larger than its equivalent wavelength. Thus, as depicted in Fig. 8(a), the
uncorrected phase jumps occurred. With reference to the low-frequency phases, or say, by
evaluation of Eq. (11), the uncorrected phase jumps could be identified. Shown in Fig. 8(b) is
the unwrapped phase map of the low frequency. The corrected absolute phase map of the high
frequency is given in Fig. 9.

Fig. 9. Unwrapped phase map of the higher frequency. Errors while phase unwrapping have
been corrected.

With Eq. (14), depth profile of the detecting sample could be found out from the corrected
absolute phase map. Its transverse profile could be computed by Eq. (12). Figure 10 shows the
3D shape of the testing sample reconstructed by our proposed method.
6.2 Error analysis
The sources of errors could be roughly divided into three categories: (1) errors from the
calibration scheme, (2) errors from the optical system, and (3) errors from the image
processing.
The calibration scheme could produce enormous errors while the coefficients of Eq. (12)
and (14) were not accurate. We had proposed a method to design the calibration tools to
reduce such kind of errors [9]. Accuracy of the calibration tools could be achieved in the submicrometer range. When the order of the polynomial, n, increased, Eq. (14) could become
more accurate as well. Our experiments had shown that the coefficients could be carried out in
the order of sub-micron accuracy while n = 5.
Errors from the optical system were mainly introduced by perspective distortion,
projection/imaging quality of the lens system, geometric accuracy of the fringe pattern, and
sampling density of the CCD camera. With a high resolution CCD camera and a proposed
digital pattern, this kind of errors could be minimized after system calibrations. This makes it
possible to achieve micron-range accuracy [9, 23].
In our experiment, errors caused by image processing were mainly from the uncertainty of
phase evaluation using Fourier transform method. Speckle noise of the image was not the
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Fig. 10. 3D profile of the testing sample measured from the proposed scheme.

major factor because a white light illumination was employed. Since the frequency of the
lower one was designed not sensitive to the depth discontinuities, the spectra of the modulated
signal and the DC term might be overlapped in the frequency domain [24]. Thus, more errors
could be induced to the low-frequency phases while phase evaluation by Fourier transform
method. The compounding errors were harmful to phase unwrapping. Fortunately, by
choosing a proper fringe period, it was still permissive for jump correction even though the
errors were involved. As shown in Fig. 8(b), the dark areas where bad data were bestrewed on
the fan blades were mainly caused by such kind of errors.
Figure 10 shows the 3D shape measured by our proposed method. The experimental result
demonstrated that the quality of the measure was very high. There were no noticeable errors
on this measurement. This measurement result was also compared with the data obtained from
the standard scanning stylus surface profiler. Two measurement results agreed very well (in
the micron range accuracy).
7. Conclusion
We have presented a projected fringe profilometry using a two-frequency pattern to achieve
micron-range absolute shape measurement for complex objects with depth discontinuities. To
suit the needs of high-accuracy measurements, a digital two-frequency pattern has been
designed and fabricated based on the optical lithography technique. The designed pattern can
substantially increase the measurement accuracy because it offers (1) high geometrical
accuracy; (2) high contrast ratio; and (3) very low high-order harmonic distortions.
It requires only one measurement frame to inspect discontinuous surfaces. The
experimental result has demonstrated that the quality of the measure is in the micron range
accuracy. This makes it possible for a single-shot measurement of dynamic objects with
discontinuities.
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