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Abstract: Strong reduction of the scattering cross section is obtained for
subwavelength dielectric and conducting cylinders without any magnetism
for both TE and TM polarizations. The suggested approach is based on the
use of Fabry-Perot type radial resonances, which can appear in single-layer,
high-ε, isotropic, and homogeneous shells with the properly chosen
parameters. Frequencies of the minima of the scattering cross section, which
are associated with the cloaking, typically depend on whether TE or TM
polarization is considered. In some cases, large-positive-ε and largenegative-ε objects can be cloaked. In other cases, non-ideal multifrequency
cloaking can be realized.
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1. Introduction
The theory and experimental verification of invisibility cloaks for dielectric and conducting
objects have been the focus of interest for the last three years. Several approaches have been
suggested, which include those based on transformational optics [1–3], localized anomalous
resonance [4,5], plasmonic cloaking [6,7], and transmission-line networks [8,9]. Recently, the
cloaking mechanism that is based on the Fabry-Perot type radial resonances in metamaterial
shells has been suggested [10]. The possibility of a substantial reduction of the scattering
cross section without magnetism is very intriguing, especially for optical cloaks. It has been
shown that the transformational optics approach does not require any magnetism, if magnetic
field is polarized along the cloak axis [11]. The terahertz cloak based on the concentric layers
of ferroelectric rods, which show a strong magnetic resonance in line with Mie theory, has
been studied in [12]. The microwave cloak based on the plasmonic cloaking approach has
been proposed in [13], which allows making a dielectric object invisible for TE and TM
polarizations simultaneously. However, magnetism is required in this case.
In the present paper, we will demonstrate the existence of the Fabry-Perot radial
resonances in purely dielectric, isotropic, homogeneous, high-index, single-layer shells, and
their potential in cloaking of dielectric and conducting objects. It is shown that at least a nonideal cloaking can be achieved for the both polarizations, but at different frequencies and
geometrical parameters. Our heuristic approach is based on the analogy between the zerorefection regime in conventional planar Fabry-Perot resonators and the expected regime of
(nearly) zero scattering cross section in the cylindrical Fabry-Perot resonators with the same
distance between the “mirrors” (interfaces) and the same filling material. The emphasis will
be put on the ranges of variation of frequency and permittivity of the coated cylinder, for
which significant reduction of the scattering cross section can be achieved due to the coating.
2. Background
According to the classical theory of planar Fabry-Perot resonators, the multiple zeros of the
refection coefficient appear at nkDcosθ = πm where D, n, and θ are the distance between the
mirrors, the refraction index of the filling medium, and the angle of incidence, respectively,
and m = 1,2,… . An expected necessary condition for achieving zero “reflection” in the
cylindrical case is that λs <<r where λs is the wavelength in the shell material and r is the
radius of the cylinder to be cloaked. Finding the optimal parameters of the shell is beyond the
scope of the present paper.
As an example of proper materials for the shell, one should mention polar dielectrics at
terahertz frequencies and ferroelectrics at microwave frequencies [14], as well as DrudeLorentz composites in a wide frequency range. The range of variation of the permittivity of
the coating shell is chosen by taking into account the materials that are available at optical and
microwave frequencies. In fact, each frequency value in the plots presented corresponds to a
different material, since frequency dispersion is not taken into account here.
The normalized cross section is calculated as
∞

σ = (kR)−1 ∑ c n2 ,
n = −∞

where cn is the nth-order diffraction coefficient. The actual values of σ can slightly differ from
those shown in the figures presented, owing to the series reduction. However, as follows from
the obtained numerical results, an increase of maxn in the reduced series only leads to a very
slight shift of the extrema. To obtain cn, the conventional analytical approach is used, which is
based on the Fourier-Bessel series and the boundary conditions for the tangential field
components.
3. Results and discussion

Figure 1 shows the general geometry of the problem and typical far- and near-field features
arising in scattering on the single-layer high-ε empty shells. The indices c and s at ε and µ in
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the upper left plot stand for the core and shell, respectively. One can clearly see in the middle
plots that the multiple minima of σ are nearly equidistant. In the upper middle plot, they are
located at kR = 0.7835, 1.566, 2.3453, and 3.126, corresponding to ξ = ε c k ( R − r ) ≈ πm at m
= 1, 2, 3, and 4, respectively. In the lower middle plot, the minima appear at kR = 0.841,
1.2615, 1.6815, 2.1005, 2.5206, and 2.9403, which correspond to ξ ≈ π m at m = 2, 3, 4, 5, 6,
and 7. The obtained values of ξ/(πm) vary monotonously from 1.0077 at m = 1 to 1.0051 at
m = 4 in the upper middle plot, and from 1.0039 at m = 2 to 1.0028 at m = 7 in the lower
middle plot. These examples show that the curvilinearity of the “mirrors” exerts a slight effect
on the minima locations. In contrast, it affects the deviation of the σ-values from zero at the
minima, as well as the number and locations of the maxima. Hence, the standard theoretical
framework for the Fabry-Perot etalon at θ = 0 can be used to predict the location of the
minima of σ for high-index dielectric ring shells, at least in the subwavelength case.

Fig. 1. Upper left plot: general geometry of the problem; Middle plots: scattering cross section
at εs = 200 and R/r = 1.4 (upper), and εs = 400 and R/r = 1.6 (lower), εc = µs = µc = 1, TM
polarization; Lower left plot: fragment of the upper middle plot (blue line) and lower middle
plot (green line); Right plots: modulus of the axial (upper) and azimuthal (lower) field
components at kR = 1.566 and same remaining parameters as in the upper middle plot.

The smallest σ-values are observed at the minima for rather small kR and, therefore, for
small m. It follows from the obtained simulation results that σmax/σmin>500 can be achieved,
where σmax and σmin mean the values of σ, which correspond to the neighboring maximum and
minimum. The larger R/r and/or εs, i.e., the denser minima of σ, the narrower the
corresponding resonances are, as is shown in the lower left plot in Fig. 1. It is noteworthy that
similar but wider Fabry-Perot type resonances can be obtained, for example, for a shell made
of a matched metamaterial (εs = µs) [10], while keeping the same index of refraction.
Therefore, the less sharp minima can be obtained for the price of using a material with
magnetic properties. In contrast, no magnetism is required for the considered theoretical
performances. Typical near-field features are demonstrated in the right plots in Fig. 1. The
dashed lines (circles) correspond to the radii R and r. A slight deviation of |Ez| from 1 takes
place outside the shell, while σ =6×10−3 . Inside the shell, behavior of |Ez| is in agreement with
that expected to appear according to the used analogy with planar Fabry-Perot resonators.
Strong enhancement of the |Hφ| within the shell occurs, so that the alternating ranges of the
dominant contribution of either electric or magnetic field can be distinguished. Similar farfield features are observed in the case of TE polarization. The deep minima of σ have also
been observed at smaller εs than in Fig. 1, e.g., at εs = 30, 50, and 70. For example, σ = 0.013
at kr = 0.96, εs = 70, and R/r = 1.4. Note that smaller values of εs seem to be more appropriate
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for practical purposes, since a wider choice of possible performances, lower losses, and wider
resonance curves at the minima are expected to occur.
Figure 2 demonstrates the effect of a relatively small variation of the radii of the empty
shell on σ and effect of the shell on the phase map for the parameters from Fig. 1. The used
variation of R/r results in that the minima of σ are shifted but do not disappear. The wider
minima, the better it would be from the point of view of possible fabrication tolerances. For
the considered parameters, strong reduction of σ remains at a fixed frequency, at least if R/r
differs from its desired value by no more than 0.3%. Comparing the middle and right plots in
Fig. 2, one can see that the phase values of the axial field component outside the shell weakly
differ from those in free space. The red and blue half-rings in the right plot correspond to the
antiphase fields, which appear within the shell due to the peculiar behavior of the Fabry-Perot
resonance field. Neglecting by the term of π in the phase values within the above-mentioned
half-rings, one could see that the phase map within most part of the shell can be considered as
a continuation of that within the adjacent domains of the shell, core, and surrounding free
space.

Fig. 2. Left plot: scattering cross section at εs = 200 and εc = µs = µc = 1 for several values of
R/r, TM polarization; solid yellow, red, blue, green, and cyan lines correspond to R/r = 1.39,
1.395, 1.4, 1.405, and 1.41; dashed and dotted blue lines correspond to the outer-to-inner-radii
ratio R1/r1 = 1.4 where R1 = ηR and r1 = ηr with η = 1.01 and η = 0.99, respectively; Middle
plot: phase map of the axial component in free space (εs = εc = µs = µc = 1) at kR = 1.566; Right
plot: phase map corresponding to |Ez| in the upper right plot in Fig. 1.

Let us now consider whether the above-described features remain while placing a positiveε or negative-ε cylinder of radius r inside the shell. This case should correspond to the
situation when a planar Fabry-Perot resonator is located between two half-spaces, which show
different values of ε. The minima of σ are expected to remain at least if εc<<εs, but it is not
clear a priori whether such small σ -values can be achieved that the obtained reduction can be
still associated with the cloaking. First, we place the intermediate-negative-ε cylinder inside
the shell. Figure 3 shows an example for TM polarization. Although the range of kr variation,
within which deep minima can appear, is now narrower than that at εc = 1 (compare to Fig. 1),
parameter values can be selected, at which σc/σnc<<1, where σc and σnc mean the scattering
cross sections for the coated and non-coated cylinders, respectively. In Fig. 3, σ c / σ nc ≈ 0.021
at kr = 0.59 in the case shown by the blue line, and σ c / σ nc ≈ 7.1×10−4 at kr = 0.535 and
σ c / σ nc ≈ 0.138 at kr = 0.798 in the case shown by the green line. Hence, either non-ideal or
nearly ideal cloaking can be obtained at least for the subwavelength plasmonic cylinders with
2r / λ ≈ 0.17...0.19 .
One can see that the field behavior in the shell keeps the features that are typical for the
Fabry-Perot type resonances. The minima remain to be nearly equidistant. Cylinders with
smaller εc can be cloaked within the same kr range. For example, σc = 0.0148 at kr = 0.533, εc
= −15.2, εs = 900, µs = µc = 1, and R/r = 1.4. In the case of TE polarization, near-zero σ can
also be obtained, but for larger εc than in the case of TM polarization. For example, σc = 0.018
at εc = −2.8 and kr = 0.529, and σc = 0.095 at εc = −5.8 and kr = 0.531, and the same remaining
parameters as in the previous example. Note that in the case shown in Fig. 3 by the green line,
a nearly zero σ can be obtained at two kr-values simultaneously. Two or more such values
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Fig. 3. Left plot: scattering cross section at εs = 200, εc = −10.2, and R/r = 1.4 (blue line), εs =
400, εc = −10.2, and R/r = 1.6 (green line), and εs = 1 and εc = −10.2 (red line); Middle plot:
fragment of the left plot; Right plot: modulus of the axial field at kR = 0.856 (kr = 0.535, m = 2)
and same remaining parameters as in case shown by green line; µs = µc = 1, TM polarization.

have also been observed for other theoretical performances, e.g., for εs = 200, 400, 900 and
R/r = 2.4, and εs = 900 and R/r = 2. In turn, a wideband enhancement of σ can be achieved due
to the coating beyond the narrow ranges of the cloaking. It is expected that some interconnects
can exist between our approach and the theory of scattering cancellation in plasmonic
cloaking [6,7] at sgn(ε c − 1) ≠ sgn(ε s − 1) , as in Fig. 3. Fig. 4 demonstrates the effect of R/r on
the kR-dependence of σ and effect of the core and shell on the phase map. The features
observed in Fig. 2 remain. In particular, the values of σ at the minima in the left plot in Fig. 4
weakly depend on the used variation of R/r. Here, they are less than 8 × 10 −4 . Hence, one can
decide between multiple pairs of the values (kR,R/r), while the extent to which σ is reduced is
kept. The phase map outside the shell slightly differs from that in free space.

Fig. 4. Left plot: scattering cross section at εs = 400, εc = −10.2, and µs = µc = 1 for several
values of R/r, TM polarization; solid yellow, red, blue, green, and cyan lines correspond to R/r
= 1.58, 1.59, 1.6, 1.61, and 1.62; dashed and dotted blue lines correspond to the outer-to-innerradii ratio R1/r1 = 1.6 where R1 = ηR and r1 = ηr with η = 1.01 and η = 0.99, respectively;
Middle plot: phase map in free space (εs = εc = µs = µc = 1) at kR = 0.856; Right plot: phase map
for the field shown in the right plot in Fig. 3.

It is shown in Fig. 5 that σ can be significantly reduced for subwavelength dielectric
cylinders by using the Fabry-Perot radial resonances, even at rather large εc, e.g., at εc>10.
Here, we consider the resonances with m = 1 and m = 2, for which the smallest values of
σ c / σ nc were achieved. In particular, in the left plot, σ c / σ nc ≈ 0.07 at kr = 0.511 in case
shown by the blue line and σ c / σ nc ≈ 0.073 at kr = 0.5135 in case shown by the green line.
In the middle plot, σ c / σ nc ≈ 0.049 at kr = 0.538 in case shown by the blue line and

σ c / σ nc ≈ 0.042 at kr = 0.52 in case shown by the green line. The range of kr variation, where
significant reduction of σ is possible, can be extended toward larger values for smaller εc, e.g.,
for εc = 2.5.
Compare the locations of the minima for the cases shown in Figs. 1, 3, and 5 by a blue line
(εs = 200, R/r = 1.4) in the vicinity of kr = 0.56. One can see that placing a positive-ε or
negative-ε cylinder inside the shell leads to a smaller or larger value of kr at the minimum,
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Fig. 5. Left plot: scattering cross section at εs = 200 (blue line), εs = 900 (green line), and εs = 1
(red line), εc = 10.2 and R/r = 1.4; Middle plot: same as left plot but for εc = 5.8; Right plot:
modulus of the axial field at kR = 0.719 (kr = 0.5136, m = 2) and the same remaining
parameters as in the case shown in left plot by green line; µs = µc = 1, TM polarization.

Fig. 6. Left plot: scattering cross section at εs = 900, εc = 10.2, and µs = µc = 1 for several values
of R/r, TM polarization; solid yellow, red, blue, green, and cyan lines correspond to R/r = 1.39,
1.395, 1.4, 1.405, and 1.41; dashed and dotted blue lines correspond to the outer-to-inner-radii
ratio R1/r1 = 1.4 where R1 = ηR and r1 = ηr with η = 1.01 and η = 0.99, respectively; Middle
plot: phase map in free space (εs = εc = µs = µc = 1) at kR = 0.719; Right plot: phase map for the
field shown in the right plot in Fig. 5.

respectively. In particular, ξ/(πm) = 1.061 in the middle plot in Fig. 3, and ξ/(πm) = 0.921 and
0.969 in the left and middle plots in Fig. 5, so that ξ>ξes at εc<0 and ξ<ξes at εc>0, where es
stands for the empty shell. The observed shifts qualitatively coincide with the theory of
perturbations of the cavity resonators. However, the enhancement of the field in the core
looks, at first glance, like an argument against using this theory. Finding appropriate
interconnects between the Fabry-Perot and cavity resonator perturbation theories, and perhaps
other theories will be the subject of future studies. The field concentration due to the core
resonances is a feature that distinguishes our cloaking approach from that based on the
transformational optics [1–3]. It could be used, for example, for harvesting solar energy,
provided that a proper optimization is performed. Figure 6 demonstrates the effect of R/r on
the kR-dependence of σ and effect of the core and shell on the phase map. The abovediscussed features remain here. In particular, the used variation of R/r does not allow one
achieving significant variation of σ at the minimum. The phase map outside the shell differs
from that in free space much stronger than in Figs. 2 and 4, corresponding to larger values of
σ. However, if the distance from the shell is δ ≥ R , the phase maps in the cases shown in the
middle and right plots in Fig. 6 tend to coincide.
Consider now scattering of TE-polarized plane wave by the coated and non-coated
dielectric cylinders. In fact, minima of σ may appear for a coated cylinder for TE and TM
polarizations at nearly the same frequency, at least for ε c << ε s and relatively small kr and m.
However, for the non-coated cylinders and TE polarization, kr-values starting from which
σ ∝ 1 are larger than for TM polarization. Therefore, reduction of σ is required at larger
values of kr, which still correspond to the subwavelength cylinders. On the other hand, it
could be difficult to obtain small values of σ c / σ nc at the minima for this kr-range for TM
polarization, even if the minima nearly coincide for TE and TM polarizations. In the next two
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Fig. 7. Left plot: scattering cross section at εs = 900 (blue line) and εs = 1 (red line), εc = 5.8 and
R/r = 2; Middle plot: fragment of the left plot; Right plot: modulus of the axial field at kR =
2.093 (kr = 1.0465, m = 10) and the same remaining parameters as in the case shown by a blue
line; µs = µc = 1, TE polarization.

examples, parameters are chosen so that strong reduction of σ occurs for TE polarization,
while behavior of σ for TM polarization is not taken into account. Figure 7 shows the strong
reduction of σ for the dielectric cylinder with εc = 5.8 and λ / 2r ≈ 3 . Now, σ c / σ nc ≈ 0.072
and ξ/(πm) = 0.9993 at kr = 1.0465. The corresponding field pattern is also presented, showing
the Fabry-Perot type radial dependence, i.e., the alternating and equidistant minima and
maxima in the shell. Contrary to the field patterns for TM polarization in Figs. 1, 3, and 5, the
focusing appears within the shell near φ = 0 and φ = π (φ is measured from the abscissa axis),
showing radial modulation of the field. This regime can be considered in some sense as
inverse to the imaging beyond the diffraction limit, which has recently been demonstrated, in
particular, for the impedance matched cylindrical hyperlens [15]. This is so because the
incident wave leads in our case to the appearance of two focuses, while the distance between
them is d<λ/2.

Fig. 8. Left plot: scattering cross section at εs = 200 (green line) and εs = 1 (blue line), εc = 5.8,
and R/r = 2.4; Right plot: modulus of the axial field at kR = 3.433 (kr = 1.4304, m = 9) and the
same remaining parameters as in case shown in left plot by green line; µs = µc = 1, TE
polarization.

Similar near- and far-field effects can be achieved even for a slightly subwavelength
cylinder and smaller εs, see Fig. 8. Here, σ c / σ nc ≈ 0.056 at kr = 1.4304. Field enhancement
in the shell is a typical feature of the cloaking regime for TE polarization, which also appears
at small m. Note that in Fig. 7 we obtain σnc/σc>10 at several kr-values, so that the non-ideal
multifrequency cloaking is achievable by using purely dielectric shells, that is distinguished
from the approaches suggested earlier [10,16]. Finally, we present two examples, which show
that a significant reduction of σ can be obtained in some cases by covering the inner cylinder
with a dielectric shell that has a much smaller εs than in the previous figures. In Fig. 9, an
example is presented for εs = 30. Here, σ c / σ nc ≈ 0.063 and 0.027 for the minima of σ in the
left and right plots, respectively. Note that the reduction of σ is obtained now at smaller εs and
εc, within the same ranges of kr variation as in Figs. 2-8. Based on the simulation results, one
might expect that a further decrease of the thickness and permittivity of the shell is possible.
Our most recent results show that σ<0.09 can be obtained for εc = 2.8 even at εs = 15, e.g., in
the vicinity of kr = 1.07 at R/r = 1.8, for both TE and TM polarizations.
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Fig. 9. Left plot: scattering cross section at εs = 30 (blue line) and εs = 1 (red line), εc = 2.8, R/r
= 2, TM polarization; Right plot: scattering cross section at εs = 30 (blue line) and εs = 1 (violet
line), εc = 2.8, R/r = 1.4, TE polarization; µs = µc = 1.

4. Conclusions

To summarize, we studied scattering of plane waves by dielectric and conducting cylinders,
which are moderately or weakly subwavelength and coated with a single-layer high-ε
dielectric shell. It is shown that substantial reduction of the scattering cross section is possible
due to Fabry-Perot type radial resonances that appear in the coating shell. The location of the
corresponding frequencies can be estimated with a high accuracy by using a simple analytical
model of the conventional planar Fabry-Perot resonators, so that the used analogy between the
zero reflection regime in the planar resonators and near-zero scattering cross section regime in
the cylindrical resonators is quite justified. The obtained results demonstrate that magnetism is
not required in order to cloak small dielectric and conducting cylinders at both TE and TM
polarizations. However, frequencies and geometrical parameters, at which cloaking is
achieved, depend in the considered examples on the choice of polarization. The observed
near- and far-field features allow one expecting that the suggested structures can also be used
for the concentration and focusing of electromagnetic waves, and for the scattering
enhancement.
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